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e specialized system for worldwide standardization. National bodies that are members of ISO or IHC
ate in the development of International Standards through technical committees established by the
ive organization to deal with particular fields of technical activity. ISO and IEC technical committees
rate in fields of mutual interest. Other international organizations, governmental and non-goveramental, |in
with 1ISO and IEC, also take part in the work. In the field of information technology, IS©Yand IEC haye
bhed a joint technical committee, ISO/IEC JTC 1.

tandards documents are developed within the IEEE Societies and the Standards Coerdinating Committegs
IEEE Standards Association (IEEE-SA) Standards Board. The IEEE developshits standards through|a
sus development process, approved by the American National Standards Institute, which brings together
ers representing varied viewpoints and interests to achieve the final product:\Volunteers are not necessarjly
brs of the Institute and serve without compensation. While the IEEE)‘administers the process and
bhes rules to promote fairness in the consensus development process;the IEEE does not independently

hin task of ISO/IEC JTC 1 is to prepare International Standards) ‘Draft International Standards adopted py
t technical committee are circulated to national bodies for_vating. Publication as an International Standajrd
5 approval by at least 75 % of the national bodies casting a'vote.

n is called to the possibility that implementation of+this standard may require the use of subject matter
by patent rights. By publication of this standard, no position is taken with respect to the existence pr
of any patent rights in connection therewith. ISO/IEEE is not responsible for identifying essential patents pr
claims for which a license may be required, ‘for conducting inquiries into the legal validity or scope |of
or patent claims or determining whethef_any licensing terms or conditions provided in connection with
sion of a Letter of Assurance or a Patent Statement and Licensing Declaration Form, if any, or in any
g agreements are reasonable or_non-discriminatory. Users of this standard are expressly advised that
nation of the validity of any patent.rights, and the risk of infringement of such rights, is entirely their own
Sibility. Further information mays.be obtained from I1SO or the IEEE Standards Association.

C/IEEE 60559 was prepared by the Microprocessor Standards Committee of the IEEE Computer Society
IEEE (as IEEE 754-2008). It was adopted by Joint Technical Committee ISO/IEC JTC 1, Informatipn
ogy, Subcommittee SC25, Interconnection of information technology equipment in parallel with its approval
ISO/IEC national(hodies, under the “fast-track procedure” defined in the Partner Standards Development
vation cooperation agreement between ISO and IEEE. IEEE is responsible for the maintenance of this
bnt with participation and input from ISO/IEC national bodies.

5t editiepppublished as ISO/IEC/IEEE 60559, replaces the second edition of IEC 60559.
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IEEE Introduction

| EEE Standards documents are developed within the | EEE Societies and the Standards Coordinating Committees of the
IEEE Standards Association (IEEE-SA) Standards Board. The |IEEE develops its standards through a consensus
development process, approved by the American National Standards Institute, which brings together volunteers
representing varied viewpoints and interests to achieve the final product. Volunteers are not necessarily members of the
Institute and serve without compensation. While the IEEE administers the process and establishes rules to promote
fairness in the consensus devel opment process, the IEEE does not independently evaluate, test, or verify the accuracy
of any of the infarmation or the soundness of any judgments cantained in its standards

Use of an IEEE Standard is wholly voluntary. The |IEEE disclaims liability for any personal injury, property or othef
damage, of any nature whatsoever, whether special, indirect, consequential, or compensatory, directly or indirectly
resulting from the publication, use of, or reliance upon this, or any other IEEE Standard document.

The IEEE does not warrant or represent the accuracy or content of the material contained herein, and_expressly
disclaims any express or implied warranty, including any implied warranty of merchantability or fitness-fer a specific
purpose, or that the use of the material contained herein is free from patent infringement. IEEE Standards documents
aresupplied “AS1S".

The existence of an IEEE Standard does not imply that there are no other ways to produee,\test, measure, purchase,
market, or provide other goods and services related to the scope of the IEEE Standard.,Furthermore, the viewpoint
expressed at the time a standard is approved and issued is subject to change brought aboutthrough developmentsin the
state of the art and comments received from users of the standard. Every IEEE Standard is subjected to review at least
every five years for revision or reaffirmation. When a document is more than five years old and has not been
reaffirmed, it is reasonable to conclude that its contents, although still of soméwalue, do not wholly reflect the present
state of the art. Users are cautioned to check to determine that they have the latest edition of any IEEE Standard.

In publishing and making this document available, the |EEE is net ‘suggesting or rendering professional or other
services for, or on behalf of, any person or entity. Nor is the IEEE.undertaking to perform any duty owed by any other
person or entity to another. Any person utilizing this, and any other\'EEE Standards document, should rely upon his or
her independent judgment in the exercise of reasonable care.invany given circumstances or, as appropriate, seek the
advice of acompetent professional in determining the appropriateness of agiven |EEE standard.

Interpretations: Occasionally questions may arise regarding the meaning of portions of standards as they relate to
specific applications. When the need for interpretations is brought to the attention of |EEE, the Institute will initiate
action to prepare appropriate responses. Since |EEE Standards represent a consensus of concerned interests, it is
important to ensure that any interpretation has.al'so received the concurrence of a balance of interests. For this reason,
IEEE and the members of its societies and~Standards Coordinating Committees are not able to provide an instant
response to interpretation regquests exceptin those cases where the matter has previously received formal consideration.
A statement, written or ord, that is not_processed in accordance with the IEEE-SA Standards Board Operations Manual
shall not be considered the officia position of IEEE or any of its committees and shall not be considered to be, nor be
relied upon as, a formal intefpretation of the IEEE. At lectures, symposia, seminars, or educational courses, an
individual presenting informeation on IEEE standards shall make it clear that his or her views should be considered the
personal views of that individual rather than the formal position, explanation, or interpretation of the IEEE.

Comments for revison of IEEE Standards are welcome from any interested party, regardless of membership affiliation
with IEEE. Suggestions for changes in documents should be in the form of a proposed change of text, together with
appropriate sipporting comments. Comments on standards and requests for interpretations should be submitted to the
following address:

Secretary, IEEE-SA Standards Board
445 Hoes Lane

Piscataway, NJ 08854

USA

Authorization to photocopy portions of any individual standard for internal or personal use is granted by The Institute
of Electrical and Electronics Engineers, Inc., provided that the appropriate fee is paid to Copyright Clearance Center.
To arrange for payment of licensing fee, please contact Copyright Clearance Center, Customer Service, 222 Rosewood
Drive, Danvers, MA 01923 USA; +1 978 750 8400. Permission to photocopy portions of any individual standard for
educational classroom use can also be obtained through the Copyright Clearance Center.
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Thisintroduction is not part of IEEE Std 754-2008, |EEE Standard for Floating-Point Arithmetic.

This standard is a product of the Floating-Point Working Group of, and sponsored by, the Microprocessor
Standards Committee of the |IEEE Computer Society.

T: I;D SI.LGI |da| d Ml uv;dc: [} dIJ.-I |.J:II I fUI | = fUI LI Iil Y ﬂu&tn |y-pu;| It CUI |putﬁ;U| I that ylc:da Im:tb
independent of whether the processing is done in hardware, software, or a combination of the two. For,
operations specified in the normative part of this standard, numerical results and exceptions are uniquély,
determined by the values of the input data, the operation, and the destination, all under user control.

This standard defines afamily of commercially feasible waysfor systemsto perform binary and decCimal
floating-point arithmetic. Among the desiderata that guided the formulation of this standard were:

a) Facilitate movement of existing programs from diverse computers to those that adhere to this
standard as well as among those that adhere to this standard.

b) Enhance the capabilities and safety available to users and programmers who, athough not expert
in numerical methods, might well be attempting to produce numerically<sophisticated programs.

¢) Encourage experts to develop and distribute robust and efficient numerical programs that are
portable, by way of minor editing and recompilation, onto any-computer that conforms to this
standard and possesses adequate capacity. Together with langtiage controls it should be possible to
write programs that produce identical results on al conforming systems.

d) Provide direct support for
— execution-time diagnosis of anomalies
— smoother handling of exceptions
— interval arithmetic at a reasonable cost.
€) Provide for development of
— standard elementary functions suctyas exp and cos
— high precision (multiword) arithmetic
— coupled numerical and symbelic algebraic computation.
f) Enablerather than precludefurther refinements and extensions.

In programming environments, this standard is also intended to form the basis for a dialog between the
numerical community and-programming language designers. It is hoped that language-defined methods for
the control of expressign evaluation and exceptions might be defined in coming years, so that it will be
possible to write programs that produce identical results on al conforming systems. However, it is
recognized that utility-and safety in languages are sometimes antagonists, as are efficiency and portability.

Therefore, itisihoped that language designers will look on the full set of operation, precision, and exception
controls_described here as a guide to providing the programmer with the ability to portably control
expressions and exceptions. It is aso hoped that designers will be guided by this standard to provide
extensions in a completely portable way.

Copyright © IEEE 2008. All rights reserved \Y
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Notice to users

Laws and regulations

Users of these documents should consult al applicable laws and regulations. Compliance with the
provisions of this standard does not imply compliance to any applicable regulatory requirements.
Implementers of the standard are responsible for observing or referring to the applicable regulatory

roouiromente ECE Adonc natr Iy tha mnihlioatian of ite otandardce  intand t0 e antian that 1o ot 10
et CrC it o = SO TOG— Oy —tHe—Poio Gt r o —Or—Tto—Statr e S, reerio—to—oiryf T T o ot

compliance with applicable laws, and these documents may not be construed as doing so.

Copyrights

This document is copyrighted by the IEEE. It is made available for awide variety of both public-and private
uses. These include both use, by reference, in laws and regulations, and use in private self-regulation,
standardization, and the promotion of engineering practices and methods. By making/this document
available for use and adoption by public authorities and private users, the |EEE does not Waive any rightsin
copyright to this document.

Updating of IEEE documents

Users of IEEE standards should be aware that these documents may be-superseded at any time by the
issuance of new editions or may be amended from time to time through the issuance of amendments,
corrigenda, or errata. An official IEEE document at any point in timne consists of the current edition of the
document together with any amendments, corrigenda, or erratathen in effect. In order to determine whether
a given document is the current edition and whether it. has been amended through the issuance of
amendments, corrigenda, or errata, please visit the \}\EEE Standards Association Web site at
http://ieeexplore.ieee.org/xpl/standards.jsp, or contact the NEEE at the address listed previoudly.

For more information about the IEEE Standards Association or the |IEEE standards development process,
visit the IEEE-SA Web site at http://standards.iegeiorg.

Errata

Errata, if any, for thisand all other-standards can be accessed at the following URL: http://standards.ieee.org/
reading/ieee/updates/erratal/index.html. Users are encouraged to check that URL for errata periodically.

Interpretations

Current interpretations can be accessed at the following URL:  http://standards.ieee.org/reading/ieee/interp/
index.html.

Vi Copyright © IEEE 2008. All rights reserved
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Patents

Attention is called to the possibility that implementation of this standard may require use of subject matter
covered by patent rights. By publication of this standard, no position is taken with respect to the existence
or validity of any patent rights in connection therewith. A patent holder or patent applicant has filed a
statement of assurance that it will grant licenses under these rights without compensation or under
reasonable rates, with reasonable terms and conditions that are demonstrably free of any unfair
dlscrlml nation to applicants desmng to obtain such Ilcenses Other Essent|al Patent Clalms may exist for

Patent Clalms for which a Ilcense may be requwed for conductl ng mqw riesinto the lega valldlty or scope
of Patents Claims, or for determining whether any licensing terms or conditions provided in connection with
submission of a Letter of Assurance, if any, or in any licensing agreements are reasonable or.-hon-
discriminatory. Users of this standard are expressly advised that determination of the validity of any;patent
rights, and the risk of infringement of such rights, is entirely their own responsibility. Further information
may be obtained from the |EEE Standards A ssociation.

Copyright © IEEE 2008. All rights reserved
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INFORMATION TECHNOLOGY —
MICROPROCESSOR SYSTEMS —

Floating-Point arithmetic

IMPORTANT NOTICE: This standard is not intended to assure safety, security, hedlth, or environmental
protection in all circumstances. Implementers of the standard are responsible for determining appropriate safety,
security, environmental, and health practices or regulatory requirements.

This IEEE document is made available for use subject to important notices andTegal disclaimers. These notices
and disclaimers appear in all publications containing this document and @dy’ be found under the heading
“Important Notice” or “Important Notices and Disclaimers Concerning IEEE Documents”. They can also be
obtained on request from IEEE or viewed at http://standards.ieee.org/IPR/disclaimers.html.

1. Overview

1.1 Scope

This standard specifies formats and methods:for floating-point arithmetic in computer systems—standard
and extended functions with single, double,.extended, and extendable precision—and recommends formats
for data interchange. Exception conditions are defined and standard handling of these conditions is
specified.

1.2 Purpose

This standard provides a-method for computation with floating-point numbers that will yield the same result
whether the processing-is done in hardware, software, or a combination of the two. The results of the
computation will be\identical, independent of implementation, given the same input data. Errors, and error
conditions, in the-mathematical processing will be reported in a consistent manner regardless of
implementatjen.

1.3 Inclusions

Thisstandard specifies:
— Formats for binary and decimal floating-point data, for computation and data interchange.

——Addition, subtraction, muottiptication, division, fusedmuttipty add; square Toot, tompare, and other
operations.

— Conversions between integer and floating-point formats.

— Conversions between different floating-point formats.

— Conversions between floating-point formats and external representations as character sequences.

— Floating-point exceptions and their handling, including data that are not numbers (NaNs).

1
Copyright © 2008 IEEE. All rights reserved.
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1.4 Exclusions

This standard does not specify:
— Formats of integers.
— Interpretation of the sign and significand fields of NaNs.

1.5 Programming environment considerations

This standard specifies floating-point arithmetic in two radices, 2 and 10. A programming environment may
conform to this standard in one radix or in both.

This standard does not define all aspects of a conforming programming environment. Such behavior should
be defined by a programming language definition supporting this standard, if available, and otherwise'by a
particular implementation. Some programming language specifications might permit some behaviors to be
defined by the implementation.

Language-defined behavior should be defined by a programming language standard,supporting this
standard. Then all implementations conforming both to this floating-point standard.‘and to that language
standard behave identically with respect to such language-defined behaviors. Standards for languages
intended to reproduce results exactly on all platforms are expected to specify bebhavior more tightly than do
standards for languages intended to maximize performance on every platform:

Because this standard requires facilities that are not currently available in.common programming languages,
the standards for such languages might not be able to fully conform to.this standard if they are no longer
being revised. If the language can be extended by a function library or class or package to provide a
conforming environment, then that extension should define all ¢he‘anguage-defined behaviors that would
normally be defined by alanguage standard.

Implementation-defined behavior is defined by a specific implementation of a specific programming
environment conforming to this standard. Implementations define behaviors not specified by this standard
nor by any relevant programming language standard-or, programming language extension.

Conformance to this standard is a property of+a specific implementation of a specific programming
environment, rather than of alanguage specification.

However a language standard could also<be said to conform to this standard if it were constructed so that
every conforming implementation of that-language also conformed automatically to this standard.

1.6 Word usage

In this standard three wards are used to differentiate between different levels of requirements and
optiondlity, asfollows;

— may indieates a course of action permissible within the limits of the standard with no implied
prefererice(“may” means “is permitted to”)

— shall indicates mandatory requirements strictly to be followed in order to conform to the standard
and-from which no deviation is permitted (“shall” means“is required to")

—<"\should indicates that among severa possibilities, one is recommended as particularly suitable,
without mentioning or excluding others; or that a certain course of action is preferred but not
necessarily required; or that (in the negative form) a certain course of action is deprecated but not
prohibited (“should” means “is recommended to”).

Further:
— might indicates the possibility of a situation that could occur, with no implication of the likelihood
of that situation (“might” means “could possibly”)

— seefollowed by a number is a cross-reference to the clause or subclause of this standard identified
by that number

— NOTE introduces text that is informative (that is, is not arequirement of this standard).
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2. Definitions, abbreviations, and acronyms

2.1 Definitions
For the purposes of this standard, the following terms and definitions apply.

2.1.1 applicable attribute: The value of an attribute governing a particular instance of execution of a
computational operation of this standard. Languages specify how the applicable attribute is determined.

2.1.2 arithmetic format: A floating-point format that can be used to represent floating-point operands or
results for the operations of this standard.

2.1.3 attribute: An implicit parameter to operations of this standard, which a user might statically set in a
programming language by specifying a constant value. The term attribute might refer to the parameter (as in
“rounding-direction attribute”) or its value (asin “roundTowardZero attribute”).

2.1.4basic format: One of five floating-point representations, three binary and two/decimal, whose
encodings are specified by this standard, and which can be used for arithmetic. One or_mere of the basic
formatsis implemented in any conforming implementation.

2.1.5biased exponent: The sum of the exponent and a constant (bias) chosen'to make the biased
exponent’s range nonnegative.

2.1.6 binary floating-point number: A floating-point number with radix two.

2.1.7 block: A language-defined syntactic unit for which a user can specify attributes. Language standards
might provide means for users to specify attributes for blocks of varying scopes, even as large as an entire
program and as small as a single operation.

2.1.8 canonical encoding: The preferred encoding of afloating-point representation in a format. Applied to
declets, significands of finite numbers, infinities, and NalNs, especially in decimal formats.

2.1.9 canonicalized number: A floating-point number whose encoding (if there is one) is canonical.

2.1.10 cohort: The set of al floating-point representations that represent a given floating-point number in a
given floating-point format. In this context —0.and+0 are considered distinct and are in different cohorts.

2.1.11 computational operation: An operation that can signal floating-point exceptions, or that produces
floating-point results, or that produces integer results by rounding them to fit destination formats according
to arounding direction rule. Comparisons are computational operations.

2.1.12 correct rounding: This standard’s method of converting an infinitely precise result to a floating-
point number, as determined by the applicable rounding direction. A floating-point number so obtained is
said to be correctly rounded:

2.1.13 decimal floating-point number: A floating-point number with radix ten.

2.1.14 declet: An encoding of three decimal digits into ten bits using the densely-packed-decimal encoding
scheme. Of the.1024 possible declets, 1000 canonical declets are produced by computational operations,
while 24 non-canonical declets are not produced by computational operations, but are accepted in operands.

2.1.15 denarmalized number: See: subnormal number.

2.1.16.destination: The location for the result of an operation upon one or more operands. A destination
might "be either explicitly designated by the user or implicitly supplied by the system (for example,
intermediate results in subexpressions or arguments for procedures). Some languages place the results of
intermediate calculations in destinations beyond the user’s control; nonetheless, this standard defines the

result of an operation In terms or that destination’s tormat and the operands’ values.

2.1.17 dynamic mode: An optional method of dynamically setting attributes by means of operations of this
standard to set, test, save, and restore them.

2.1.18 exception: An event that occurs when an operation on some particular operands has no outcome
suitable for every reasonable application. That operation might signal one or more exceptions by invoking
the default or, if explicitly requested, a language-defined alternate handling. Note that event, exception, and
signal are defined in diverse ways in different programming environments.
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2.1.19 exponent: The component of a finite floating-point representation that signifies the integer power to

which the radix is raised in determining the value of that floating-point representation. The exponent e is
used when the significand is regarded as an integer digit and fraction field, and the exponent q is used when
the significand is regarded as an integer; e=¢ + p—1 where p isthe precision of the format in digits.

2.1.20 extendable precision format: A format with precision and range that are defined under user control.

2.1.21 extended precision format: A format that extends a supported basic format by providing wider
precision and range.

2122 external character sequence: A representation of a floating-point datum as a sequence of
characters, including the character sequencesin floating-point literalsin program text.

2.1.23flag: See: statusflag.

2.1.24 floating-point datum: A floating-point number or non-number (NaN) that is representable in a
floating-point format. In this standard, a floating-point datum is not aways distinguished,from its
representation or encoding.

2.1.25 floating-point number: A finite or infinite number that is representable in a floating-point format. A
floating-point datum that is not a NaN. All floating-point numbers, including zeros and.infinities, are signed.

2.1.26 floating-point representation: An unencoded member of a floating-peint-format, representing a
finite number, a signed infinity, a quiet NaN, or a signaling NaN. A representation of a finite number has
three components: a sign, an exponent, and a significand; its numerical vaue is the signed product of its
significand and its radix raised to the power of its exponent.

2.1.27 format: A set of representations of numerical values and symbols, perhaps accompanied by an
encoding.

2.1.28 fusedM ultiplyAdd: The operation fusedMultiplyAdd(x, y, 2 computes(x xy)+z as if with un-
bounded range and precision, rounding only once to the destination format.

2.1.29 generic operation: An operation of this standard that can take operands of various formats, for
which the formats of the results might depend on theformats of the operands.

2.1.30 homogeneous oper ation: An operation of-this standard that takes operands and returns results all in
the same format.

2.1.31 implementation-defined: Behavier.defined by a specific implementation of a specific programming
environment conforming to this standard:

2.1.32integer format: A format(net defined in this standard that represents a subset of the integers and
perhaps additional values representing infinities, NaNs, or negative zeros.

2.1.33 interchange format: A'format that has a specific fixed-width encoding defined in this standard.
2.1.34 language-defined:’Behavior defined by a programming language standard supporting this standard.

2.1.35 NaN: not anumber—a symbolic floating-point datum. There are two kinds of NaN representations:
quiet and signaling.” Most operations propagate quiet NaNs without signaling exceptions, and signal the
invalid operatign’exception when given asignaling NaN operand.

2.1.36 narrower /wider format: If the set of floating-point numbers of one format is a proper subset of
another format, the first is called narrower and the second wider. The wider format might have greater
precision, range, or (usualy) both.

2.1.37 non-computational operation: An operation that is not computational.

oY |
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greater than or equal to a minimum b®*"" value, where b is the radix. Normal numbers can use the full
precision availablein aformat. In this standard, zero is neither normal nor subnormal.

2.1.39 not a number: See: NaN.

2.1.40 payload: The diagnostic information contained in a NaN, encoded in part of its trailing significand
field.
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2.1.41 precision: The maximum number p of significant digits that can be represented in a format, or the
number of digitsto that aresult is rounded.

2.1.42 preferred exponent: For the result of a decima operation, the value of the exponent g which
preserves the quantum of the operands when the result is exact.

2.1.43 preferredWidth method: A method used by a programming language to determine the destination
formats for generic operations and functions. Some preferredWidth methods take advantage of the extra
range and precision of wide formats without requiring the program to be written with explicit conversions.

2.1.44 quantum: The quantum of a finite floating-point representation is the vaue of a unit in the last
position of its significand. This is equal to the radix raised to the exponent g, which is used when the
significand is regarded as an integer.

2.1.45 quiet operation: An operation that never signals any floating-point exception.
2.1.46 radix: The base for the representation of binary or decimal floating-point numbers, two-or ten.
2.1.47 result: The floating-point representation or encoding that is delivered to the destination.

2.1.48 signal: When an operation on some particular operands has no outcome suitableforevery reasonable
application, that operation might signal one or more exceptions by invoking the default handling or, if
explicitly requested, alanguage-defined alternate handling selected by the user.

2.1.49 significand: A component of a finite floating-point number containing'its significant digits. The
significand can be thought of as an integer, a fraction, or some other fixed-point form, by choosing an
appropriate exponent offset. A decimal or subnormal binary significand<can also contain leading zeros.

2.1.50 status flag: A variable that can take two states, raised or lewered. When raised, a status flag might
convey additional system-dependent information, possibly inaccessible to some users. The operations of
this standard, when exceptional, can as a side effect raise 'some of the following status flags: inexact,
underflow, overflow, divideByZero, and invalid operation.

2.1.51 subnormal number: In a particular format, a nen-zero floating-point number with magnitude less
than the magnitude of that format's smallest normalhumber. A subnormal number does not use the full
precision available to normal numbers of the sameformat.

2.1.52 supported format: A floating-point\\format provided in the programming environment and
implemented in conformance with the reguirements of this standard. Thus, a programming environment
might provide more formats than it supports, as only those implemented in accordance with the standard are
said to be supported. Also, an integerformat is said to be supported if conversions between that format and
supported floating-point formats arejprovided in conformance with this standard.

2.1.53trailing significand_field: A component of an encoded binary or decima floating-point format
containing al the significand” digits except the leading digit. In these formats, the biased exponent or
combination field encodes or implies the leading significand digit.

2.1.54 user: Any person, hardware, or program not itself specified by this standard, having access to and
controlling thoseoperations of the programming environment specified in this standard.

2.1.55 width{ofan operation: The format of the destination of an operation specified by this standard; it
will be oneof the supported formats provided by an implementation in conformance to this standard.

2:2°Abbreviations and acronyms
1.SB least significant bit

MSB—mostSignificant bit
NaN  not anumber
gNaN quiet NaN

sNaN  signaling NaN
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3. Floating-point formats
3.1 Overview

3.1.1 Formats

This clause defines floating-point formats, which are used to represent a finite subset of real numbers (see

3.2). Formats are characterized by their radix, precision, and exponent range, and each format can represent
aunique set of floating-point data (see 3.3).

All formats can be supported as arithmetic formats; that is, they may be used to represent floating-paint
operands or results for the operations described in later clauses of this standard.

Specific fixed-width encodings for binary and decimal formats are defined in this clause for a-subset of the
formats (see 3.4 and 3.5). These inter change formats are identified by their size (see 3.6)/and-can be used
for the exchange of floating-point data between implementations.

Five basic formats are defined in this clause:

— Three binary formats, with encodingsin lengths of 32, 64, and 128 hits:
— Two decimal formats, with encodings in lengths of 64 and 128 bits.

Additiond arithmetic formats are recommended for extending these basicformats (see 3.7).

The choice of which of this standard’s formats to support is language-defined or, if the relevant language
standard is silent or defers to the implementation, implementatien-defined. The names used for formats in
this standard are not necessarily those used in programming envirenments.

3.1.2 Conformance

A conforming implementation of any supported format shall provide means to initialize that format and
shall provide conversions between that format andall other supported formats.

A conforming implementation of a supported arithmetic format shall provide al the operations of this
standard defined in Clause 5, for that format:

A conforming implementation of asupported interchange format shall provide means to read and write that
format using a specific encoding defined in this clause, for that format.

A programming environment ‘conforms to this standard, in a particular radix, by implementing one or more
of the basic formats of that radix as both a supported arithmetic format and a supported interchange format.

6
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3.2 Specification levels

Floating-point arithmetic is a systematic approximation of real arithmetic, as illustrated in Table 3.1.
Floating-point arithmetic can only represent a finite subset of the continuum of real numbers. Consequently
certain properties of real arithmetic, such as associativity of addition, do not always hold for floating-point
arithmetic.

Table 3.1—Relationships between different specification levels for a particular format

Level 1 {~o0... 0 ... +o0} Extended real numbers.
many-to-one | rounding 1 projection (except for NaN)
Level 2 {=o0 ... =0} U {+0 ... +0} U NaN Floating-point data—an
algebraically closed system.
one-to-many | representation specification 1 many-to-one
Leve 3 (sign, exponent, significand) U {—w, +o} U gNaN U | Representations’of floating-
sNaN point data.

one-to-many | | encoding for representations of floating-point data | 1 many-to-one

Level 4 0111000... Bit-strings.

The mathematical structure underpinning the arithmetic in this standardis the extended reals, that is, the set
of real numbers together with positive and negative infinity. For < given format, the process of rounding
(see 4) maps an extended real number to a floating-point numbex_included in that format. A floating-point
datum, which can be a signed zero, finite non-zero number; signed infinity, or a NaN (not-a-number), can
be mapped to one or more representations of floating-point ‘data in aformat.

The representations of floating-point datain a format consist of:

— triples (sign, exponent, significand); in radix b, the floating-point number represented by atripleis
(—1) s x peeenent x 5ignificand
— +00, —00
— ¢gNaN (quiet), sNaN (signaling).
An encoding maps a representation of-a floating-point datum to a bit string. An encoding might map some

representations of floating-point data to more than one bit string. Multiple NaN bit strings should be used to
store retrospective diagnostic information (see 6.2).

3.3 Sets of floating-point data

This subclause specifies the sets of floating-point data representable within al floating-point formats; the
encodings for.Specific representations of floating-point data in interchange formats are defined in 3.4 and
3.5, and the parameters for interchange formats are defined in 3.6.

The set 'of finite floating-point numbers representable within a particular format is determined by the
following integer parameters:

— b=theradix, 2 or 10
— p = the number of digits in the significand (precision)

— emax = the maximum exponent e
— emin = the minimum exponent e
emin shall be 1— emax for al formats.
The values of these parameters for each basic format are given in Table 3.2, in which each format is

identified by its radix and the number of bits in its encoding. Constraints on these parameters for extended
and extendable precision formats are givenin 3.7.
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Within each format, the following floating-point data shall be represented:

— Signed zero and non-zero floating-point numbers of the form (—1) *x b®xm, where
— sisOor1.
— eisany integer emin<e<emax..
— misanumber represented by a digit string of the form
do*d:0,...d,—1 where diis an integer digit 0<d.<b (therefore 0<m<bh).

—  TWO IMIMITES, Foo and —.
— Two NaNs, gNaN (quiet) and sNaN (signaling).
These are the only floating-point data represented.

In the foregoing description, the significand m is viewed in a scientific form, with the radi “point
immediately following the first digit. It is also convenient for some purposes to view the significand as an
integer; in which case the finite floating-point numbers are described thus:

— Signed zero and non-zero floating-point numbers of the form (—1)*xb“xc, wheré
— sisOor1.
— (qisany integer emin<q+p—1<emax.
— cisanumber represented by adigit string of the form
dothds...dy 1 Where d; is an integer digit 0<di<b (c istherefore:an integer with 0<c<bP).

This view of the significand as an integer ¢, with its corresponding exponent ¢, describes exactly the same
set of zero and non-zero floating-point numbers as the view in scientific form. (For finite floating-point
numbers, e=¢q +p—1 and m=cxb* ")

The smallest positive normal floating-point number is b®™".and the largest is b®™x(b—b' ?). The non-zero
floating-point numbers for a format with magnitude less than b®™ are called subnormal because their
magnitudes lie between zero and the smallest normal magnitude. They always have fewer than p significant
digits. Every finite floating-point number is an integral multiple of the smallest subnorma magnitude
bem'nx blfp'

For a floating-point number that has the value zero, the sign bit s provides an extra bit of information.
Although all formats have distinct representations for +0 and -0, the sign of a zero is significant in some
circumstances, such as division by zere, but not in others (see 6.3). Binary interchange formats have just
one representation each for +0 and 0, but decimal formats have many. In this standard, O and «o are written
without a sign when the sign is not important.

Table 3.2—Parameters defining basic format floating-point numbers

Binary format (b=2) Decimal format (b=10)

parameter binary32 binary64 binary128 decimal64 decimal 128
p, digits 24 53 113 16 34
emax +127 +1023 +16383 +384 +6144
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3.4 Binary interchange format encodings

Each floating-point number has just one encoding in a binary interchange format. To make the encoding
unique, in terms of the parameters in 3.3, the value of the significand m is maximized by decreasing e until
either e=emin or m>1. After this process is done, if e=emin and 0<m<1, the floating-point number is
subnormal. Subnormal numbers (and zero) are encoded with a reserved biased exponent value.

Representations of floating-point data in the binary interchange formats are encoded in £ bits in the
following three fields ordered as shown in Figure 3.1:

a) 1-bitsignS
b) w-bit biased exponent E= e+ bias

c) (t=p—1)-bit trailing significand field digit string 7=d, d>...d,-1; the leading bit of the significand,
dy, 1s implicitly encoded in the biased exponent E.

1bit MSB  w bits LSB MsB t = p—1 bits LSB
S E T
(sign)| (biased exponent) (trailing significand field)
E e Bt G b dp,1

Figure 3.1—Binary interchange floating-point format

The values of k, p, t, w, and bias for binary interchange formats are listed in Table 3.5 (see 3.6).
The range of the encoding’s biased exponent £ shall include:

— every integer between 1 and 2¥—2, inclusive, to encede normal numbers

— the reserved value 0 to encode +0 and subnormalkpumbers

— the reserved value 2" —1 to encode oo and NalNs.
The representation r of the floating-point datum,sand value v of the floating-point datum represented, are
inferred from the constituent fields as follows:

a) IfE=2"—1and T#0, then r is gNaN or sNaN and v is NaN regardless of S (see 6.2.1).

b) IfE=2"-1and T'=0, then rahd v = (—1)5x (+o0).

c) If1<E<2"-2,then ris (8, (E—bias), (1+2"7xT));

the value of the corresponding floating-point number is v = (=1)% x 257745 x (1+2!"7x ),
thus normal numbersthave an implicit leading significand bit of 1.

d) If E=0and T#0\then r is (S, emin, (0+2'7x T));
the value of the.corresponding floating-point number is v = (=1)% x 27" x (0+2'"7x T),
thus subnormal numbers have an implicit leading significand bit of 0.

e) IfE=0-and’'T=0, then ris (S, emin, 0) and v = (—=1)%x (+0) (signed zero, see 6.3).

NOTE—Were k is either 64 or a multiple of 32 and > 128, for these encodings all of the following are
true (whetg'round() rounds to the nearest integer):

k=1+w+t=w+p = 32xceiling((p + round(4x logx(p + round(4xlog,(p)) — 13)) — 13)/32)
w=k—t—1 = k—p =round(4xlog(k)) — 13

t=k-w—1=p-—1= k—round(4xlogx(k)) + 12

p=_k—w Z+1 = k—round(4xlog, (k) + 13

emax = bias = 20V—-1
emin =1 —emax = 2—-2%,
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3.5 Decimal interchange format encodings

3.5.1 Cohorts

Unlike in a binary floating-point format, in a decimal floating-point format a number might have multiple
representations. The set of representations a floating-point number maps to is called the floating-point
number’s cohort; the members of a cohort are distinct representations of the same floating-point number.
For example, if ¢ is amultiple of 10 and g is less than its maximum allowed value, then (s, g, ¢) and (s,

g+1, ¢/10) are two representations for the same floating-point number and are members of the same cohort.

While numerically equal, different members of a cohort can be distinguished by the decimal-specific
operations (see 5.3.2, 5.5.2, and 5.7.3). The cohorts of different floating-point numbers might have different
numbers of members. If a finite non-zero number’s representation has n decimal digits from<ts-most
significant non-zero digit to its least significant non-zero digit, the representation’s cohort will have at most
p—n+1 members where p is the number of digits of precision in the format.

For example, a one-digit floating-point number might have up to p different representationswhile a p-digit
floating-point number with no trailing zeros has only one representation. (An n-digit. fleating-point humber
might have fewer than p—n+1 members in its cohort if it is near the extremes of-the ‘format’s exponent
range.) A zero has a much larger cohort: the cohort of +0 contains a representation-for each exponent, as
does the cohort of —0.

For decimal arithmetic, besides specifying a numerical result, the arithmetic operations also select a
member of the result’s cohort according to 5.2. Decimal applications*can make use of the additional
information cohorts convey.

3.5.2 Encodings

Representations of floating-point data in the decimal _intérchange formats are encoded in k bits in the
following three fields, whose detailed layouts and canoriical (preferred) encodings are described below.

a) 1-hitsignS

b) A w+5 bit combination field G encoding classification and, if the encoded datum is a finite
number, the exponent g and four, significand bits (1 or 3 of which are implied). The biased
exponent E is a w+2 bit quantity g+bias, where the value of the first two bits of the biased
exponent taken together iseither O, 1, or 2.

c) A t-bit trailing significand field T that contains J x 10 bits and contains the bulk of the significand.
When this field is eombined with the leading significand bits from the combination field, the
format encodes atatal of p = 3xJ+1 decima digits.

1 bit MSB w+5 bits LSB MSB t =Jx 10 bits LSB
S G T
(sign)| (combination field) (trailing significand field)
[CIRR R Gys decimal encoding: J declets give 3xJ = p — 1 digits

binary encoding: t bits give values from 0 through 2'-1

Figure 3.2—Decimal interchange floating-point formats

The values of k, p, t, w, and bias for decimal interchange formats are listed in Table 3.6 (see 3.6).

The representation r of the Tloaling-point datum, and value v of the 11oaling-point datum represented, are
inferred from the constituent fields as follows:

a) If Gothrough G, are 11111, then vis NaN regardiess of S. Furthermore, if Gsis 1, thenr issNaN;
otherwise r is gNaN. The remaining bits of G are ignored, and T constitutes the NaN’s payload,
which can be used to distinguish various NaNs.

The NaN payload is encoded similarly to finite numbers described below, with G treated as though
all bits were zero. The payload corresponds to the significand of finite numbers, interpreted as an

10
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integer with a maximum value of 10®9—1, and the exponent field is ignored (it is treated as if it
were zero). A NaN is in its preferred (canonical) representation if the bits Gg through G4 are zero
and the encoding of the payload is canonical.

b) If Gy through G, are 11110 then r and v = (—1)Sx (+o0). The values of the remaining bits in G, and
T, areignored. The two canonical representations of infinity have bits Gs through G+ =0,and T =
0.

c) For finite numbers, r is (S, E—bias, C) and v = (—1)Sx 10 x C, where C is the concatenation of

tha laadina sianificand-diait or hite from tha combination-fiald G- and-tha tratling sianificand-fiald
tHe-reaaHig-SHghtHcaRa-atgH—o-bhSHotHe-cosHid-oR-Hera aHe—tHe-taHHRg-SHgRHeaRaHere

T, and where the biased exponent E is encoded in the combination field. The encoding within these
fields depends on whether the implementation uses the decimal or the binary encoding for the
significand.

1) If the implementation uses the decimal encoding for the significand, then the least significant
w bits of the exponent are Gs through Gu.s. The most significant two bits of-the biased
exponent and the decimal digit string do d;...d,-; of the significand are formedfrom bits Go
through G, and T as follows:

i)  When the most significant five bits of G are 110xx or 1110x, the leading’significand digit
dois 8+ G4, avalue 8 or 9, and the leading biased exponent bits are2G;+G; , avalue0, 1,
or 2.

i) When the most significant five bits of G are Oxxxx or 10xxx} the leading significand digit
o is4G;+2Gs+ Gy, avalue in the range 0 through 7, and-the'leading biased exponent bits
are 2Go+ Gy, avaue0, 1, or 2. Consequently if T is Q and‘'the most significant five bits of
G are 00000, 01000, or 10000, then v = (1) x (+0),

The p—1=3x%J decimal digits d;...d, 1 are encoded-y, T, which contains J declets encoded in
densely-packed decimal.

A canonica significand has only canonical declets, as shown in Tables 3.3 and 3.4.
Computational operations produce only the2000 canonical declets, but also accept the 24
non-canonical decletsin operands.

2) Alternatively, if the implementation usesthe binary encoding for the significand, then:

i) If Goand G, together are one©f 00, 01, or 10, then the biased exponent E is formed from
Go through G,,.; and the significand is formed from bits Gu.. through the end of the
encoding (including T):

ii) If Go and G; togethersare 11 and G, and G; together are one of 00, 01, or 10, then the
biased exponent-ENS formed from G, through Gu.s and the significand is formed by
prefixing the 4 bits (8+Gu+4) tO T.

The maximum.\value of the binary-encoded significand is the same as that of the

corresponding Jdecimal-encoded significand; that is, 10©**Y—1 (or 10®*Y—1 when T is used

as the payload of a NaN). If the value exceeds the maximum, the significand c is non-
canonical and the value used for cis zero.
Computational operations generally produce only canonical significands, and always accept non-
canenical significands in operands.

NOTE—Where k isa positive multiple of 32, for these encodings all of the following are true:

k=1+5+w+1t = 32xceiling((p + 2)/9)

w= k-t—-6 =Kk/16+4
t= k-w-6 = 15xk/16—10
p=_ 3xt/10+1 = 9xk/32-2

emax = 3x2w D
emn = 1- emax
bias = emax+ p— 2.
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Decoding densely-packed decimal: Table 3.3 decodes a declet, with 10 bits by, to b, into 3 decimal
digits dw), d, d. The first column is in binary and an “x” denotes a “don’'t care” bit. Thus al 1024
possible 10-bit patterns shall be accepted and mapped into 1000 possible 3-digit combinations with some
redundancy.

Table 3.3—Decoding 10-bit densely-packed decimal to 3 decimal digits

Pe), Py, B, B, by da de de
OX XXX 4Ab) + 2bgy) + by 4Abg + 2by + b 4Abey + 2bg + by
100xx 4b + 2bgy + b 4bs) + 2bw + by 8 + by
101xx 4b + 2bgy + by 8 + by 4Abg) + 2by + by
110xx 8 + by b + 20w+ b | b + b b,
11100 8+ by, 8+ b A +200+ b
11101 8+ by A + 20 + b 84 b
11110 4b + 2bgy + by 8 + by 8 + by
11111 8+ by 8 + by 8 + b

Encoding densely-packed decimal: Table 3.4 encodes 3 decimakdigits d), d(z), and d), each having 4 bits
which can be expressed by a second subscript duo.3, deoes, @d‘daes, where bit O is the most significant
and bit 3 the least significant, into a declet, with 10 bits bjto be). Computational operations generate only
the 1000 canonical 10-bit patterns defined by Table 3.4.

Table 3.4—Encoding 3 decimal digits to 10-bit densely-packed decimal

dwo, deo, deo o), bw, b b, b, be be b, ba), be

000 dass) de1a 0 (0 E¥T)

001 (o (Y deis 1 0,0, dzg)
010 day de12, degy 1 0,1, desy
011 das 1,0, deg 1 1,1, dgag
100 di12, dag deisy 1 1,0, day
10% de12, duy 0, 1, deg 1 1,1, day
110 di12), dug 0,0, dz3 1 1,1, dgag
111 0,0, dus 1,1, des 1 1,1, day

iThe 24 non-canonical patterns of the form 01x11x111x, 10x11x111x, or 11x11x111x (where an “x”

derotes & “dorttare* bit)are ot generated i the resutt of acomputationat operation: However, as tisted
in Table 3.3, these 24 bit patterns do map to values in the range 0 through 999. The bit pattern in a NaN
trailing significand field can affect how the NaN is propagated (see 6.2).
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3.6 Interchange format parameters

Interchange formats support the exchange of floating-point data between implementations. In each radix,
the precision and range of an interchange format is defined by its size; interchange of a floating-point datum
of agiven size is therefore always exact with no possibility of overflow or underflow.

This standard defines binary interchange formats of widths 16, 32, 64, and 128 bits, and in general for any
multiple of 32 bits of at least 128 bits. Decimal interchange formats are defined for any multiple of 32 bits
of at least 32 hits.

The parameters p and emax for every interchange format width are shown in Table3.5 for binary.
interchange formats and in Table 3.6 for decimal interchange formats. The encodings for the intercharige
formats are as described in 3.4 and 3.5.2; the encoding parameters for each interchange format width are
also shownin Tables3.5and 3.6.

Table 3.5—Binary interchange format parameters

Parameter binary16 | binary32 | binary64 | binary128 binary{k} (k> 128)
k, storage width in bits 16 32 64 128 multiple of 32
p, precision in bits 11 24 53 113 k~—round(4 x1og2 (k)) + 13
emax, maximum exponent e 15 127 1023 16383 ok=p-1) _¢

Encoding parameters

bias, E-e 15 127 1023 16383 emax

sign hit 1 1 1 1 1

w, exponent field width in bits 5 8 11 15 round(4 x1og2 (k)) — 13
t, trailing significand field width in bits 10 23 52 112 k—w-1

k, storage width in bits 16 32 64 128 1+w+t

The function round() in Table 3.5 rounds to the nearest integer.
For example, binary256 would have p =237 and emax = 262143.

Table 3.6—Decimal interchange format parameters

Parameter decimal 32 decimal64 | decimal 128 decimal{k} (k>32)
k, storage width in bits 32 64 128 multiple of 32
p, precision in digits 7 16 34 9xk/32-2
emax 9% 384 6144 3x2K/16+3)

Encoding parameters

bias, €3¢ 101 398 6176 emax+p—2
Sgnbit 1 1 1 1

w+5, combination field width in bits 11 13 17 k/16 +9

t, trailing significand field width in bits 20 50 110 15xk/16 - 10
k, storage width in bits 32 64 128 1+5+w+t

For example, decimal256 would have p = 70 and emax = 1572864.
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3.7 Extended and extendable precisions

Extended and extendable precision formats are recommended for extending the precisions used for
arithmetic beyond the basic formats. Specifically:

— An extended precision format is aformat that extends a supported basic format with both wider
precision and wider range.
— Anextendable precision format is aformat with a precision and range that are defined under user

control

These formats are characterized by the parameters b, p, and emax, which may match those of an interchange
format and shall:

— provide all the representations of floating-point data defined in terms of those parameters-in‘3.2
and 3.3

— provide al the operations of this standard, as defined in Clause 5, for that format.

This standard does not require an implementation to provide any extended or extendablé precision format.
Any encodings for these formats are implementation-defined, but should be fixed width and may match
those of an interchange format.

Language standards should define mechanisms supporting extendable precisioncfor each supported radix.
Language standards supporting extendable precision shall permit users to §pecify p and emax. Language
standards shall also alow the specification of an extendable precision by-specifying p aone; in this case
emax shall be defined by the language standard to be at least 1000 Xp when p is > 237 bits in a binary
format or pis> 51 digitsin adecimal format.

Language standards or implementations should support an extentled precision format that extends the widest
basic format that is supported in that radix. Table 3.7 specifies.the minimum precision and exponent range
of the extended precision format for each basic format.

Table 3.7—Extended format parameters for floating-point numbers

Extended formats associated with:

Par ameter binary32 binary64 binary128 decimal64 decimal 128
p digits > 32 64 128 22 40
emax > 1023 16383 65535 6144 24576

NOTE 1—For extended formats, the minimum exponent range is that of the next wider basic format, if
there is one, while the minimum precision is intermediate between a given basic format and the next wider
basic format.

NOTE 2—For interchange of binary floating-point data, the width k in bits of the smallest standard format
that will alow the'encoding of asignificand of at least p bitsis given by:

k = 32xcealing((p + round(4xlog:(p + round(4xlog:(p)) — 13)) — 13)/32), where round() rounds to
the nearest integer and p > 113; for smaller values of p, see Table 3.5.

For<interchange of decimal floating-point data, the width k in bits of the smallest standard format that will
allow the encoding of asignificand of at least p digitsis given by:

k= 32xceling((p + 2)/9), wherep > 1.

In both cases the chosen format might have alarger precision (see 3.4 and 3.5.2).
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4. Attributes and rounding

4.1 Attribute specification

An attribute is logically associated with a program block to modify its numerical and exception semantics.
A user can specify aconstant value for an attribute parameter.

Some attributes have the effect of an implicit parameter to most individual operations of this standard;

language standards shall specify
— rounding-direction attributes (see 4.3)
and should specify
— dternate exception handling attributes (see 8).

Other attributes change the mapping of language expressions into operations of this standard; language
standards that permit more than one such mapping should provide support for:

— preferredWidth attributes (see 10.3)

— value-changing optimization attributes (see 10.4)

— reproducibility attributes (see 11).
For attribute specification, the implementation shall provide language-defined means, such as compiler
directives, to specify a constant value for the attribute parameter for alk standard operations in a block; the

scope of the attribute value is the block with which it is associated. Language standards shall provide for
constant specification of the default and each specific value of the<gttribute.

4.2 Dynamic modes for attributes

Attributes in this standard shall be supported with theconstant specification of 4.1. Particularly to support
debugging, language standards should also support,dynamic-maode specification of attributes.

With dynamic-mode specification, a user can.§pecify that the attribute parameter assumes the value of a
dynamic-mode variable whose value might not be known until program execution. This standard does not
specify the underlying implementation mechanisms for constant attributes or dynamic modes.

For dynamic-mode specification, the implementation shall provide language-defined means to specify that
the attribute parameter assumes the yalue of a dynamic-mode variable for al standard operations within the
scope of the dynamic-mode, specification in a block. The implementation initializes a dynamic-mode
variable to the default valugfor the dynamic mode. Within its language-defined (dynamic) scope, changes
to the value of a dynamie-mode variable are under the control of the user viathe operationsin 9.3.1 and .

The following aspectSof dynamic-mode variables are language-defined; language standards may explicitly
defer the definitionsito implementations:
— Theprecedence of static attribute specifications and dynamic-mode assignments.

— _Theeffect of changing the value of the dynamic-mode variable in an asynchronous event, such as
in‘another thread or signal handler.

—" Whether the value of the dynamic-mode variable can be determined by non-programmatic means,
such as adebugger.

NOTE—A constant value for an attribute can be specified and meet the requirements of 4.1 by a dynamic

mode specification with appropriate scope of that constant value.
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4.3 Rounding-direction attributes

Rounding takes a number regarded as infinitely precise and, if necessary, modifies it to fit in the
destination’ s format while signaling the inexact exception, underflow, or overflow when appropriate (see 7).
Except where stated otherwise, every operation shall be performed as if it first produced an intermediate
result correct to infinite precision and with unbounded range, and then rounded that result according to one
of the attributes in this clause.

The rounding-direction attribute affects all computational operations that might be inexact. |nexact numeric

floating-point results always have the same sign as the unrounded resullt.

The rounding-direction attribute affects the signs of exact zero sums (see 6.3), and also affects_the
thresholds beyond which overflow (see 7.4) and underflow (see 7.5) are signaled.

Implementations supporting both decimal and binary formats shall provide separate rounding-direction
attributes for binary and decimal, the binary rounding direction and the decimal roundingydirection.
Operations returning results in a floating-point format shall use the rounding-direction attribtte associated
with the radix of the results. Operations converting from an operand in a floating-point formet to aresult in
integer format or to an external character sequence (see 5.8 and 5.12) shall use thie’ rounding-direction
attribute associated with the radix of the operand.

NaNs are not rounded (but see 6.2.3).

4.3.1 Rounding-direction attributes to nearest

In the following two rounding-direction attributes, an infinitely/precise result with magnitude at least
be™ (b—142h ¥ P) shall round to oo with no change in sign; here endax ‘and p are determined by the destination
format (see 3.3). With:

— roundTiesToEven, the floating-point number hearest to the infinitely precise result shall be
delivered; if the two nearest floating-pointcnumbers bracketing an unrepresentable infinitely
precise result are equally near, the one with<aneven least significant digit shall be delivered

— roundTiesToAway, the floating-point_fAumber nearest to the infinitely precise result shall be
delivered; if the two nearest floating-point numbers bracketing an unrepresentable infinitely
precise result are equally near, the-one with larger magnitude shall be delivered.

4.3.2 Directed rounding attributes

Three other user-selectable founding-direction attributes are defined, the directed rounding attributes
roundTowardPositive, roundT-owardNegative, and roundTowardZero. With:

— roundTowardPositive, the result shall be the format’s floating-point number (possibly +w) closest
to and no |éssithan the infinitely precise result

— roundTowardNegative, the result shall be the format’s floating-point number (possibly —o) closest
to and ho greater than the infinitely precise result

— reundTowardZero, the result shall be the format's floating-point number closest to and no greater
ifTmagnitude than the infinitely precise result.

4.3.3 Rounding attribute requirements
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attributes. A decimal format implementation of this standard shall provide roundTiesToAway as a user-
selectable rounding-direction attribute. The rounding attribute roundTiesToAway is not required for a
binary format implementation.

The roundTiesToEven rounding-direction attribute shall be the default rounding-direction attribute for
resultsin binary formats. The default rounding-direction attribute for results in decimal formats is language-
defined, but should be roundTiesToEven.
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5. Operations

5.1 Overview

All conforming implementations of this standard shall provide the operations listed in this clause for all
supported arithmetic formats, except as stated below. Each of the computational operations that return a
numeric result specified by this standard shall be performed as if it first produced an intermediate result

corroet ta tnfinita nronician and aath siahoriadod ranan  and than roniadod that intormandiata rocilt
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necessary, to fit in the destination’s format (see 4 and 7). Clause 6 augments the following specifications to
cover 0, oo, and NaN. Clause 7 describes default exception handling.

In this standard, operations are written as named functions; in a specific programming environment. thiey
might be represented by operators, or by families of format-specific functions, or by operations oy fanctions
whose names might differ from those in this standard.

Operations are broadly classified into four groups according to the kinds of results and’exceptions they
produce:

— General-computational operations produce floating-point or integer results; round all results
according to Clause 4, and might signal the floating-point exceptions of Clause 7.

— Quiet-computational operations produce floating-point results and.do not signa floating-point
exceptions.

— Signaling-computational operations produce no floating-point results and might signal floating-
point exceptions, comparisons are signaling-computational. operations.

— Non-computational operations do not produce floating=point results and do not signal floating-
point exceptions.
Operationsin the first three groups are referred to collectivély as “ computational operations’.

Operations are aso classified in two ways according-tethe relationship between the result format and the
operand formats:

— homogeneous operations, in which thefloating-point operands and floating-point result are all of
the same format

— formatOf operations, which indicate the format of the result, independent of the formats of the
operands.

Language standards might permit\other kinds of operations and combinations of operations in expressions.
By their expression evaluation rules, language standards specify when and how such operations and
expressions are mapped intg'the operations of this standard. Operations (except re-encoding operations) do
not have to accept operands-or produce results of differing encodings.

In the operation descriptions that follow, operand and result formats are indicated by:

— sourcetorepresent homogeneous floating-point operand formats

— soureel, source2, source3 to represent non-homogeneous floating-point operand formats

— fpbto represent integer operand formats

~_/boolean to represent a value of false or true (for example, 0 or 1)

= enum to represent one of asmall set of enumerated values

— logBFormat to represent a type for the destination of the logB operation and the scale exponent

operand-of-the-scateB-operation
— integralFormat to represent the scale factor in scaled products (see 9.4)
— decimal Character Sequence to represent a decimal character sequence
— hexCharacter Sequence to represent a hexadecimal-significand character sequence
— conversionSpecification to represent a language dependent conversion specification
— decimal to represent a supported decimal floating-point type
— decimalEncoding to represent a decimal floating-point type encoded in decimal
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— hbinaryEncoding to represent a decimal floating-point type encoded in binary
— exceptionGroup to represent a set of exceptions as a set of booleans

— flagsto represent a set of status flags

— binaryRoundingDirection to represent the rounding direction for binary

— decimalRoundingDirection to represent the rounding direction for decimal
— modeGroup to represent dynamically-specifiable modes
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result might be implicit.

formatOf indicates that the name of the operation specifies the floating-point destination format, whieh
might be different from the floating-point operands formats. There are formatOf versions ofythése
operations for every supported arithmetic format.

intFormatOf indicates that the name of the operation specifies the integer destination format.

In the operation descriptions that follow, languages define which of their types correspondtoe operands and
results called int, intFormatOf, character Sequence, or conversionSpecification. Languages'with both signed
and unsigned integer types should support both signed and unsigned int and intFermatOf operands and
results.

5.2 Decimal exponent calculation

As discussed in 3.5, a floating-point number might have multiple fepresentations in a decimal format.
Therefore, decimal arithmetic involves not only computing the propér numerical result but also selecting the
proper member of that floating-point number’s cohort.

Except for the quantize operation, the value of a floating-point result (and hence its cohort) is determined by
the operation and the operands values; it is never dependent on the representation or encoding of an
operand.

The selection of a particular representation fora floating-point result is dependent on the operands
representations, as described below, but is not:affected by their encoding.

For all computational operations except, quantize and roundTolntegral Exact, if the result is inexact the
cohort member of least possible exponent-is used to get the maximum number of significant digits. If the
result is exact, the cohort member is.selected based on the preferred exponent for a result of that operation,
a function of the exponents of the inputs. Thus for finite x, depending on the representation of zero, 0+x
might result in a different member of x's cohort. If the result’s cohort does not include a member with the
preferred exponent, the member with the exponent closest to the preferred exponent is used.

For quantize and roundT olntegral Exact, a finite result has the preferred exponent, whether or not the result
is exact.

In the descriptions that follow, Q(X) is the exponent q of the representation of a finite floating-point number
x. If Xisinfipite-Q(X) is +oo.
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5.3 Homogeneous general-computational operations

5.3.1 General operations

Implementations shall provide the following homogeneous general-computational operations for all
supported arithmetic formats; these operations shall not propagate non-canonical results. Their destination
format isindicated as sourceFormat:

— sourceFormat roundT ol ntegral TiesT oEven(source)
sourceFFormat roundT ol ntegral TiesT oAway(source)
sourceFormat roundT ol ntegr al Towar dZer o(source)
sourceFormat roundT ol ntegral Towar dPositive(source)
sourceFormat roundT ol ntegral Towar dNegative(source)

See 5.9 for details.
The preferred exponent is max(Q(source), 0).
— sourceFormat roundT ol ntegr al Exact(source)
See 5.9 for details.
The preferred exponent is max(Q(source), 0), even when the inexact exCeption is signaled.

— sourceFormat nextUp(source)
sourceFormat nextDown(source)

nextUp(X) is the least floating-point number in the format of xthat compares greater than x. If x is
the negative number of least magnitude in x's format, nextup(x) is —0. nextUp(z0) is the positive
number of least magnitude in X' s format. nextUp(+©),iS tr0, and nextUp(—«) is the finite negative
number largest in magnitude. When x is NaN, then'the result is according to 6.2. nextUp(x) is
quiet except for sNaNs.

The preferred exponent is the least possible,
nextDown(x) is —nextUp(—x).
— sourceFormat remainder (source, sourgee)

When y#0, the remainder r=remainder(x, y) is defined for finite x and y regardless of the
rounding-direction attribute by,the mathematical relation r =x—yxn , where n is the integer nearest
the exact number x/y; whenever |n—x/y| = %2, then n is even. Thus, the remainder is always exact.
If r=0, its sign shall bethat'of x. remainder(x, «) isx for finite x.

The preferred exponent is min(Q(x), Q(Y)).

— sourceFormat minlNum(source, source)
sour ceFormat (maxNum(source, source)
sour ceFormat minNumM ag(sour ce, source)
sourceFormat maxNumM ag(source, source)

minNum(x, y) is the canonicalized number x if x<y, y if y<x, the canonicalized number if one
operand is a number and the other a quiet NaN. Otherwise it is either x or y, canonicalized (this
means results might differ among implementations). When either x or y isa signalingNaN, then the
result is according to 6.2.

maxNum(x, y) is the canonicalized number y if x<y, x if y<x, the canonicalized number if one
operand is a number and the other a quiet NaN. Otherwise it is either x or y, canonicalized (this

means Tesutsmight differamong mptementations)- Whemether xor y s asigratingiNaN; therrthe
result is according to 6.2.

minNumM ag(x, y) is the canonicalized number x if [x|<]y], y if |y|<]|x|, otherwise minNum(X, y).
maxNumM ag(x, y) is the canonicalized number x if |x|>1y], y if |y|>]x|, otherwise maxNum(x, y).

The preferred exponent is Q(X) if x isthe result, Q(y) if y is the result.
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5.3.2 Decimal operation

Implementations supporting decimal formats shall provide the following homogeneous general-
computational operation for all supported decimal arithmetic formats; this operation shall not propagate
non-canonical results. The destination format is indicated as sourcefFormat:

— sourceFormat quantize(source, source)

For finite decimal operands x and y of the same format, quantize(x, y) is a floating-point number

T the Same format that has, 1T poSSibiE, the Same numerical Vate 85 X and the Same quanntum a5 Y.
If the exponent is being increased, rounding according to the applicable rounding-direction
attribute might occur: the result is a different floating-point representation and the inexact
exception is signaed if the result does not have the same numerical value as x. If the exponentis
being decreased and the significand of the result would have more than p digits, the-invalid
operation exception is signaled and the result is NaN. If one or both operands are NaN~the rulesin
6.2 are followed. Otherwise if only one operand is infinite then the invalid operatiof-éxception is
signaled and the result is NaN. If both operands are infinite then the result is candnical o« with the
sign of X. quantize does not signal underflow or overflow.

The preferred exponent is Q(y).

5.3.3 logBFormat operations

Implementations shall provide the following general-computational operations for all supported floating-
point formats available for arithmetic; these operations shall not, propagate non-canonical floating-point
results.

For each supported arithmetic format, languages define an.associated logBFormat to contain the integra
values of logB(x). The logBFormat shall have enough rangeto include all integers between +2 x (emax+p)
inclusive, which includes the scale factors for scaling between the finite numbers of largest and smallest
magnitude.

If logBFormat is an integer format, then the first.operand and the floating-point result of scaleB are of the
same format. If logBFormat is a floating-pointformat, then the following operations are homogeneous.

— sourceFormat scaleB(source, logBFormat)

scaleB(x, N) is xxb" for integral values N. The result is computed as if the exact product were
formed and then rounded tothe destination format, subject to the applicable rounding-direction
attribute. When logBFormat is a floating-point format, the behavior of scaleB is language-defined
when the second opérand is non-integral. For non-zero vaues of N, scaleB(z0, N) returns +0 and
scaleB(+, N) rettrns +oo. For zero values of N, scaleB(x, N) returns x.
The preferred exponent is Q(x) + N.

— logBFornaat.logB(source)
logB(x)-isthe exponent e of x, a signed integral value, determined as though x were represented
with ipfinite range and minimum exponent. Thus 1 < scaleB(x, —logB(x)) < b when x is positive
ahdinite. logB(1) is+0.
When logBFormat is a floating-point format, logB(NaN) is a NaN, logB(«) is +0, and logB(0) is
—oo and signals the divideByZero exception. When logBFormat is an integer format, then

logB(NaN), logB(«), and logB(0) return language-defined vaues outside the range
+2x (emax+p—1) and signal the invalid operation exception.

I'he prererred exponent 1S 0.

NOTE—For positive finite x, the value of logB(X) is floor(log: (X)) in a binary format, and is
floor(logio (X)) in adecimal format.
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5.4 formatOf general-computational operations

5.4.1 Arithmetic operations

Implementations shall provide the following formatOf general-computational operations, for destinations of
all supported arithmetic formats, and, for each destination format, for operands of all supported arithmetic
formats with the same radix as the destination format. These operations shall not propagate non-canonical

rociltc
TCootor

formatOf-addition(sourcel, source2)

The operation addition(x, y) computes x+y.
The preferred exponent is min(Q(X), Q(Y)).
formatOf-subtr action(sourcel, source2)

The operation subtraction(x, y) computes x—y.
The preferred exponent is min(Q(x), Q(Y)).
formatOf-multiplication(sourcel, source?)
The operation multiplication(x, y) computes xxy.
The preferred exponent is Q(X) + Q(Y).
formatOf-division(sourcel, source?)

The operation division(x, y) computes x/y.

The preferred exponent is Q(X) — Q(Y).
formatOf-squar eRoot (sourcel)

The operation squareRoot(x) computes Vx. It has'a positive sign for al operands >0, except that
squar eRoot(—0) shall be —0.

The preferred exponent is floor(Q(x)/2).
formatOf-fusedM ultiplyAdd(sourcel, source2, source3)

The operation fusedM ultiplyAdd(x,:yi<z) computes (xxy) +z as if with unbounded range and
precision, rounding only once to the destination format. No underflow, overflow, or inexact
exception (see 7) can arise due to.the multiplication, but only due to the addition; and so
fusedMultiplyAdd differs from:a multiplication operation followed by an addition operation.

The preferred exponent ismin(Q(X) + Q(Y), Q(2)).
formatOf-conver tFromlnt(int)

It shall be possibleito convert from all supported signed and unsigned integer formats to al
supported arithmetic formats. Integral vaues are converted exactly from integer formats to
floating-point, formats whenever the value is representable in both formats. If the converted value
is not exactly representable in the destination format, the result is determined according to the
applicable rounding-direction attribute, and an inexact or floating-point overflow exception arises
as gpecified in Clause7, just as with arithmetic operations. The signs of integer zeros are
preserved. Integer zeros without signs are converted to +0.

The preferred exponent is 0.
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Implementations shall provide the following intFormatOf general-computational operations for destinations
of al supported integer formats and for operands of al supported arithmetic formats.

— intFormatOf-convertTol nteger TiesT oEven(source)
intFormatOf-convertT ol nteger Towar dZer o(source)
intFormatOf-convertTol nteger Towar dPositive(source)
intFormatOf-convertT ol nteger Towar dNegative(sour ce)
intFormatOf-convertTol nteger TiesT oAway(source)

o€ 0.0 101 detdls.

— intFormatOf-convertTol nteger Exact TiesT oEven(source)
intFormatOf-convertTol nteger Exact T owar dZer o(source)
intFormatOf-convertT ol nteger Exact T owar dPositive(source)
intFormatOf-convertT ol nteger Exact T owar dNegative(source)
intFormatOf-convertT ol nteger Exact TiesT oAway(source)

See 5.8 for details.
NOTE—Implementations might provide some of the operations in this subclause, and the‘convertFormat

operations in 5.4.2, as sequences of one or more of a subset of the operations in subcladse 5.4 when those
sequences produce the correct numerical value, quantum, and exception results.

5.4.2 Conversion operations for floating-point formats and decimal character sequences

Implementations shall provide the following formatOf conversion opeérations from all supported floating-
point formats to all supported floating-point formats, as well as cenversions to and from decimal character
sequences. These operations shall not propagate non-canonical-fesults. Some format conversion operations
produce results in a different radix than the operands.

— formatOf-conver tFor mat(source)

If the conversion isto aformat in a differentradix or to a narrower precision in the same radix, the
result shall be rounded as specified in Clause 4. Conversion to a format with the same radix but
wider precision and range is always exact.

For inexact conversions from binary to decimal formats, the preferred exponent is the least
possible. For exact conversions frem binary to decimal formats, the preferred exponent is 0.
For conversions between decimal formats, the preferred exponent is Q(source).

— formatOf-conver tFr omDeCimal Char acter (decimal Char acter Sequence)

See5.12 for details\“The preferred exponent is Q(decimal Character Sequence), which is the
exponent value d.0f the last digit in the significand of the decimal CharacterSequence.

— decimal Character Sequence convertToDecimal Char acter (source, conver sionSpecification)

See 5.12fer details. The conversionSpecification specifies the precision and formatting of the
decimalChar acter Sequence result.

5.4.3 Conversion operations for binary formats

Implementations shall provide the following formatOf conversion operations to and from all supported
binary floating-point formats; these operations never propagate non-canonical floating-point results.

|~  — formatOf-convertFromHexChar acter (hexCharacter Sequence)

See5.12 for details.
— hexCharacter Sequence convert ToHexChar acter (source, conversionSpecification)

See 5.12 for details. The conversionSpecification specifies the precision and formatting of the
hexCharacter Sequence result.
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5.5 Quiet-computational operations

5.5.1 Sign bit operations

Implementations shall provide the following homogeneous quiet-computational sign bit operations for all
supported arithmetic formats; they only affect the sign bit. The operations treat floating-point numbers and
NaNs alike, and signal no exception. These operations may propagate non-canonical encodings.

— sourceFormat copy(source)

sourceFormat negate(source)
sourceFormat abs(source)

copy(x) copies a floating-point operand x to a destination in the same format, with no change to
the sign hit.

negate(x) copies a floating-point operand X to a destination in the same format, reversing the sign
bit. negate(x) is not the same as subtraction(0,x) (see 6.3).

abs(x) copies a floating-point operand x to a destination in the same format; setting the sign bit to
0 (positive).

sourcefFormat copySign(source, source)

copySign(x, y) copies a floating-point operand x to a destinatior’in the same format as x, but with
the sign bit of y.

5.5.2 Decimal re-encoding operations

For each supported decimal format (if any), the implementation shall provide the following operations to
convert between the decimal format and the two standard encodings for that format. These operations
enable portable programs that are independent of the.implementation’s encoding for decimal types to access
data represented with either standard encoding. These-operations may propagate non-canonical encodings.

decimal Encoding encodeDecimal(decimal)

Encodes the value of the operand using decimal encoding.
decimal decodeDecimal(decinal Encoding)

Decodes the decimal-encoded-operand.

binaryEncoding encodeBinar y(decimal)

Encodes the value of the operand using the binary encoding.
decimal decodeBinar y(binaryEncoding)

Decodes thehinary-encoded operand.

where decimal Encoding is alanguage-defined type for storing decimal-encoded decimal floating-point data,
binaryEncoding_is a language-defined type for storing binary-encoded decimal floating-point data, and
decimal isthetype of the given decimal floating-point formet.
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5.6 Signaling-computational operations

5.6.1 Comparisons

Implementations shall provide the following comparison operations, for all supported floating-point
operands of the same radix in arithmetic formats:

— boolean compar eQuietEqual (sourcel, source?)

boolean compareQuietNotEqual (sourcel, source?)

boolean compar eSignalingEqual(sourcel, source2)

boolean compar eSignalingGr eater (sourcel, source?)
boolean compar eSignalingGr eater Equal (sourcel, source?)
boolean compar eSignalingL ess(sourcel, source?)

boolean compar eSignalingL essEqual (sourcel, source?)
boolean compar eSignalingNotEqual (sourcel, source?)
boolean compar eSignalingNotGr eater (sourcel, source?)
boolean compar eSignalingL essUnor der ed(sourcel, source?)
boolean compar eSignalingNotL ess(sourcel, source?)
boolean compar eSignalingGr eater Unor der ed(sourcel, source?)
boolean compar eQuietGr eater (sourcel, source?)

boolean compar eQuietGr eater Equal(sourcel, source?)
boolean compar eQuietL ess(sourcel, source?)

boolean compareQuietL essEqual(sourcel, source?)

boolean compar eQuietUnor der ed(sourcel, source?)
boolean compar eQuietNotGreater (sourcel, source?)
boolean compar eQuietL essUnor der ed(sourcel, source2)
boolean compar eQuietNotL ess(sourcel, source2)

boolean compar eQuietGr eater Unor der ed(sourcel, source2)
boolean compareQuietOr der ed(sourcel, source?).

See 5.11 for details.

5.7 Non-computational operations

5.7.1 Conformance predicates

Implementations shall provide the following non-computational operations, true if and only if the indicated
conditions are true;

— boolean is754ver sion1985(void)

is754versian1985() is true if and only if this programming environment conforms to the earlier
version.of the standard.

— boolean is754ver sion2008(void)
Is754ver sion2008() istrueif and only if this programming environment conforms to this standard.

Implementations should make these predicates available at trandation time (if applicable) in cases where
their values can be determined at that point.
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5.7.2 General operations

Implementations shall provide the following non-computational operations for all supported arithmetic
formats and should provide them for all supported interchange formats. They are never exceptional, even
for signaling NaNs.
— enum class(source)
class(x) tells which of the following ten classes x fallsinto:

cianalinablail
Srgrerigreery

quietNaN
negativel nfinity
negativeNormal
negativeSubnormal
negativeZero
positiveZero
positiveSubnormal
positiveNormal
positivelnfinity.

— boolean isSignM inus(source)

isSignMinus(x) is true if and only if x has negative sign. isSignMinusapplies to zeros and NaNs
aswell.

— boolean isNormal(source)
isNormal(x) istrueif and only if x is normal (not zero, subnormal, infinite, or NaN).
— boolean isFinite(source)
isFinite(x) istrueif and only if x is zero, subnormal ornormal (not infinite or NaN).
— boolean isZero(source)
isZero(x) istrueif and only if xis 0.
— boolean isSubnor mal(source)
isSubnormal(x) istrueif and only if xissubnormal.
— boolean isl nfinite(source)
islnfinite(x) istrue if and only if %isinfinite.
— boolean isNaN(source)
isNaN(x) istrueif and only if X is a NaN.
— boolean isSignaling(source)
isSignaling(x) istrue if and only if xisasignaling NaN.
— boolean isCanonical (source)

isCanonical(x) is true if and only if x is a finite number, infinity, or NaN that is canonical.
I mplementations should extend isCanonical(x) to formats that are not interchange formats in ways
appfopriate to those formats, which might, or might not, have finite numbers, infinities, or NaNs
that-are non-canonical.

—<£\enum radix(source)
radix(x) istheradix b of the format of x, that is, two or ten.

— boolean totalOr der (source, source)
totalOrder(x. y) isdefined in 5.10.

— boolean totalOrder M ag(source, source)
totalOrder Mag(x, y) istotalOrder(abs(x), abs(y)).

Implementations should make these predicates available at trandation time (if applicable) in cases where
their values can be determined at that point.
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5.7.3 Decimal operation

Implementations supporting decimal formats shall provide the following non-computational operation for
all supported decimal arithmetic formats:

— boolean sameQuantum(source, source)

For numerical decimal operands x and y of the same format, sameQuantum(x, y) is true if the
exponents of x and y are the same, that is, Q(X) = Q(y), and false otherwise. sameQuantum(NaN,

NaN)and sameQUantum(eo, ) are Ue, I exactly one oparand 15 Mithite or exactty one operand
isNaN, sameQuantum isfase. sameQuantum signals no exception.

5.7.4 Operations on subsets of flags

Implementations shall provide the following non-computational operations that act upon multiple status
flags collectively:
— void lower Flags(exceptionGroup)

Lowers (clears) the flags corresponding to the exceptions specified in the exeeptionGroup operand,
which can represent any subset of the exceptions.

— void raiseFlags(exceptionGroup)

Raises (sets) the flags corresponding to the exceptions specified-in-the exceptionGroup operand,
which can represent any subset of the exceptions.

— boolean testFlags(exceptionGroup)

Queries whether any of the flags corresponding to the €xeeptions specified in the exceptionGroup
operand, which can represent any subset of the exceptions, are raised.

— boolean testSavedFlags(flags, exceptionGroup)

Queries whether any of the flags in the flags eperand corresponding to the exceptions specified in
the exceptionGroup operand, which can represent any subset of the exceptions, are raised.

— void restor eFlags(flags, exceptionGroup)

Restores the flags corresponding to the exceptions specified in the exceptionGroup operand, which
can represent any subset of the exceptions, to their state represented in the flags operand.

— flags saveAllFlags(void)
Returns a representation of the state of all status flags.

The return value of the saveAllFlags operation is for use as the first operand to a restoreFlags or
testSavedFl ags operation inthe 'same program; this standard does not require support for any other use.

5.8 Details of canversions from floating-point to integer formats

Implementations-ghall provide conversion operations from all supported arithmetic formats to all supported
signed and.unsigned integer formats. Integral values are converted exactly from floating-point formats to
integer formats whenever the value is representable in both formats.

Convérsion to integer shal round as specified in Clause 4; the rounding direction is indicated by the
operation name.

When a NaN or infinite operand cannot be represented in the destination format and this cannot otherwise

ha indieatad tha invalid oneration-evecantion-chall ba cianaled \AMhan a2 nirimerie onerandvorld convart to

DO Cot CotHC v o O O Pt O CATT P o o 0T orgrarco— v v i o o Hicr C-operaro vy oo ooty o to

an integer outside the range of the destination format, the invalid operation exception shall be signaled if
this situation cannot otherwise be indicated.

When the value of the conversion operation’s result differs from its operand value, yet is representable in
the destination format, some conversion operations are specified below to signal the inexact exception and
others to not signal the inexact exception.
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A language standard that permits implicit conversions or expressions involving mixed types should require
that these be implemented with the inexact-signaling conversion operations below.

The operations for conversion from floating-point to a specific signed or unsigned integer format without
signaling the inexact exception are:

intFormatOf-convertT ol nteger TiesT oEven(source)

convertTolnteger TiesToEven(x) rounds x to the nearest integral value, with halfway cases
rounded to even

intFormatOf-convertT ol nteger Towar dZer o(source)

convertTol nteger TowardZer o(x) rounds x to an integral value toward zero.
intFormatOf-convertT ol nteger Towar dPositive(source)
convertTolnteger Towar dPositive(x) rounds x to an integral value toward positive infinity:
intFormatOf-convertT ol nteger Towar dNegative(source)

convertTol nteger Towar dNegative(x) rounds x to an integral value toward negative infinity.
intFormatOf-convertT ol nteger TiesT oAway/(source)

convertTolnteger TiesToAway(X) rounds X to the nearest integral value, ‘with halfway cases
rounded away from zero.

The operations for conversion from floating-point to a specific signed or unsigned integer format, signaling
if inexact, are:

intFormatOf-convert T ol nteger Exact TiesT oEven(source)

convertTolnteger ExactTiesT oEven(x) rounds x to thenearest integral value, with halfway cases
rounded to even.

intFormatOf-convertT ol nteger Exact T owar dZer o(source)

convertTol nteger ExactTowar dZero(x) rounds X to an integral value toward zero.
intFormatOf-convert T ol nteger Exact T owardPositive(source)

convertTol nteger ExactTowar dPositive(x) rounds x to an integral value toward positive infinity.
intFor matOf-convert T ol nteger Exact T owar dNegative(source)

convertTolnteger ExactTowar dNégative(x) rounds x to an integra value toward negative
infinity.

intFormatOf-convertT oknteger Exact TiesT oAway(source)

convertTol nteger ExactTiesT oAway/(X) rounds X to the nearest integral value, with halfway cases
rounded away fronmyzero.

5.9 Details of operations to round a floating-point datum to integral value

Severa operationsTound a floating-point number to an integral valued floating-point number in the same

format.

The rounding is analogous to that specified in Clause 4, but the rounding chooses only from among those
floating-point numbers of integral values in the format. These operations convert zero operands to zero
restltsof the same sign, and infinite operands to infinite results of the same sign.

For the following operations, the rounding direction is specified by the operation name and does not depend
on a rounding-direction attribute. These operations shall not signal any exception except for signaling NaN

input.

— sourceFormat roundT ol ntegral TiesT oEven(source)

roundTolntegralTiesToEven(x) rounds x to the nearest integral vaue, with hafway cases
rounding to even.

— sourceFormat roundT ol ntegral Towar dZer o(source)

roundTol ntegral Towar dZer o(x) rounds x to an integral value toward zero.
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— sourceFormat roundT ol ntegral T owar dPositive(source)

roundT ol ntegral Towar dPositive(x) rounds x to an integral value toward positive infinity.
— sourceFormat roundT ol ntegr al Towar dNegative(sour ce)

roundT ol ntegral Towar dNegative(x) rounds x to an integral value toward negative infinity.
— sourceFormat roundTol ntegral TiesT oAway(source)

roundTolntegral TiesToAway(X) rounds x to the nearest integral value, with hafway cases
raunding away from zero

For the following operation, the rounding direction is the applicable rounding-direction attribute. This
operation signals the invalid operation exception for a signaling NaN operand, and for a numerical operand,
signals the inexact exception if the result does not have the same numerical value asx.

— sourceFormat roundT ol ntegr al Exact(source)

roundTol ntegralExact(x) rounds x to an integral value according to the applicable’rounding-
direction attribute.

5.10 Details of totalOrder predicate

For each supported arithmetic format, an implementation shall provide the follewing predicate that defines
an ordering among all operands in a particular format:

— boolean totalOrder (source, source)
totalOrder(x, y) imposes atotal ordering on canonical members of the format of x and y:

a) If x<y, totalOrder(x, y) istrue.
b) If x>y, totalOrder(x, y) isfalse.
c) Ifx=y:
1) totalOrder(-0, +0) istrue.
2) totalOrder(+0, —0) isfalse.
3) If xandy represent the same floating-point datum;

i) If xandy have negative sign,
totalOrder(x, y) istrugif and only if the exponent of x > the exponent of y

ii) otherwise
total Order(x, y)istrueif and only if the exponent of x < the exponent of y.
d) If xandy are unordered numerically because x or y is NaN:

1) totalOrder(=NaN, y) is true where —NaN represents a NaN with negative sign bit and y is a
floating-peint number.

2) total©rder(x, +NaN) is true where +NaN represents a NaN with positive sign bit and x is a
fleating-point number.

3)_<If)Xand y are both NaNs, then total Order reflects atotal ordering based on:
i) negative sign orders below positive sign
ii) signaling orders below quiet for +NaN, reverse for —-NaN

iii) lesser payload, when regarded as an integer, orders below greater payload for +NaN,
reverse for —NaN.

total Order(y, x) are both true if X and yare b|tW|se identical.

NOTE— totalOrder does not impose a total ordering on all encodingsin aformat. In particular, it does not
distinguish among different encodings of the same floating-point representation, as when one or both
encodings are non-canonical.
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5.11 Details of comparison predicates

For every supported arithmetic format, it shall be possible to compare one floating-point datum to another
in that format (see 5.6.1). Additionaly, floating-point data represented in different formats shall be
comparable as long as the operands’ formats have the same radix.

Four mutually exclusive relations are possible: less than, equal, greater than, and unordered. The last case
arises when at least one operand is NaN. Every NaN shall compare unordered with everything, including
itself. Comparisons shall ignore the sign of zero (so +0 = —0). Infinite operands of the same sign shall

compare equal.

Languages define how the result of a comparison shall be delivered, in one of two ways: either as a relation
identifying one of the four relations listed above, or as a true-false response to a predicate that names the
specific comparison desired.

Table 5.1, Table 5.2, and Table 5.3 exhibit twenty-two functionally distinct useful predicates and) hegations
with various ad-hoc and traditional names and symbols. Each predicate is true if any of “its indicated
relations is true. The relation “?” indicates an unordered relation. Table 5.2 lists five uhordered-signaling
predicates and their negations that cause an invalid operation exception when the relation,is unordered. That
invalid operation exception defends against unexpected quiet NaNs arising in pregrams written using the
standard predicates { <, <=, >=, >} and their negations, without considering the’possibility of a quiet NaN
operand. Programs that explicitly take account of the possibility of quiet. NaN operands may use the
unordered-quiet predicatesin Table 5.3 which do not signal such an invalid-operation exception.

Comparisons never signal an exception other than the invalid operation‘exception.

Note that predicates come in pairs, each a logical negation of the‘ather; applying a prefix such as NOT to
negate a predicate in Table 5.1, Table 5.2, and Table 5.3 reverses the true/false sense of its associated
entries, but does not change whether unordered relations cause‘an invalid operation exception.

The unordered-quiet predicatesin Table 5.1 do not signal“an’exception on quiet NaN operands:

Table 5.1—Required unordered-:quiet predicate and negation

Unordered-quiet predicate Unordered-quiet negation
Truerelations Names Truerelations Names
EQ compareQuietEqual LT GT UN compareQuietNotEqual
= ?<>, NOT(=), #

The unordered-signaling predicates in Table 5.2, intended for use by programs not written to take into
account the possibility of NaN*operands, signal an invalid operation exception on quiet NaN operands:

Table 5:2—Required unordered-signaling predicates and negations

Unerdered-signaling predicate Unor dered-signaling negation
Truerelations Names Truerelations Names
EQ compareSignalingEqual LT GT UN compareSignalingNotEqual
GT compareSignalingGreater EQLT UN compareSignalingNotGreater
> NOT(>)
GT EQ compareSignalingGreaterEqual LT UN compareSignalingL essUnordered
— MOT(>5=)
—> NOT=)
LT compareSignalingL ess EQ GT UN compareSignalingNotL ess
< NOT(<)
LT EQ compareSignalingL essEqual GT UN compareSignalingGreaterUnordered
<=, < NOT(<=)
29
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The unordered-quiet predicates in Table 5.3, intended for use by programs written to take into account the
possibility of NaN operands, do not signal an exception on quiet NaN operands:

Table 5.3—Required unordered-quiet predicates and negations

Unordered-quiet predicate Unor dered-quiet negation
Truerelations Names Truerelations Names
\JT CUINMIPA WUI clolrcalcl E\{ LT U ;\j CUNMPdA WUI le\i ULSICalt
isGreater 2<=, NOT(isGreater)
GT EQ compareQuietGreaterEqual LT UN compareQuietL essUnordered
isGreaterEqual ?<, NOT(isGreaterEqual)
LT compareQuietl ess EQ GT UN compareQuietNotLess
isLess 2>=, NOT(isL&ss)
LT EQ compareQuietl essEqual GT UN compareQuietGreaterUnordered
isLessEqual 2>, NOT{(isLessEqual)
UN compareQuietUnordered LTEQGT compareQuietOrdered
2, isUnordered <=> NOT(isUnordered)

There are two ways to write the logical negation of a predicate, one using-NOT explicitly and the other
reversing the relational operator. Thus in programs written without considering the possibility of a NaN
operand, the logical negation of the unordered-signaling predicate (X < Y) is just the unordered-signaling
predicate NOT(X < Y); the unordered-quiet reversed predicate (X 72>='Y) is different in that it does not
signal an invalid operation exception when X and Y are unordered (unless X or Y isasignaling NaN). In
contrast, the logical negation of (X =Y) might be written as either NOT(X =Y) or (X ?<>Y); in this case
both expressions are functionally equivalent to (X # Y).

5.12 Details of conversion between floating-point data and external character
sequences

This clause specifies conversions between supported formats and external character sequences. Note that
conversions between supported formats of different radices are correctly rounded and set exceptions
correctly as described in 5.4.2, subject.to limits stated in 5.12.2 below.

Implementations shall provide corversions between each supported binary format and external decimal
character sequences such that, under roundTiesToEven, conversion from the supported format to external
decimal character sequence ‘and back recovers the original floating-point representation, except that a
signaling NaN might be converted to aquiet NaN. See5.12.1 and 5.12.2 for details.

Implementations shall_previde exact conversions from each supported decimal format to external decimal
character sequences, Jand shall provide conversions back that recover the origina floating-point
representation, except that a signaling NaN might be converted to a quiet NaN. See 5.12.1 and 5.12.2 for
details.

Implementations shall provide exact conversions from each supported binary format to externa character
sequences representing numbers with hexadecimal digits for the significand, and shall provide conversions
back-that recover the original floating-point representation, except that a signaling NaN might be converted
to\aquiet NaN. See 5.12.1 and 5.12.3 for details.

This clause primarily discusses conversions during program execution; there is one special consideration

applicable to program trand ation separate from program execution: translation-time conversion of constants
in program text from external character sequences to supported formats, in the absence of other
specification in the program text, shall use this standard’s default rounding direction and language-defined
exception handling. An implementation might also provide means to permit constants to be translated at
execution time with the attributes in effect at execution time and exceptions generated at execution time.

Issues of character codes (ASCII, Unicode, etc.) are not defined by this standard.
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5.12.1 External character sequences representing zeros, infinities, and NaNs

The conversions (described in 5.4.2) from supported formats to external character sequences and back that
recover the original floating-point representation, shall recover zeros, infinities, and quiet NaNs, as well as
non-zero finite numbers. In particular, signs of zeros and infinities are preserved.

Conversion of an infinity in a supported format to an external character sequence shall produce a language-
defined one of “inf” or “infinity” or a sequence that is equivalent except for case (e.g., “Infinity” or “INF”"),
with a preceding minus sign if the input is negative. Whether the conversion produces a preceding plus sign

if theinput is positive is language-defined.

Conversion of external character sequences “inf” and “infinity” (regardiess of case) with an optiond
preceding sign, to a supported floating-point format shall produce an infinity (with the same sign.as the
input).

Conversion of a quiet NaN in a supported format to an external character sequence shal produce a
language-defined one of “nan” or a sequence that is equivalent except for case (e.g., “NaN"), with an
optiona preceding sign. (This standard does not interpret the sign of a NaN.)

Conversion of a signaling NaN in a supported format to an external character sequénee should produce a
language-defined one of “snan” or “nan” or a sequence that is equivalent except for)case, with an optional
preceding sign. If the conversion of a signaling NaN produces “nan” or a sequence‘that is equivalent except
for case, with an optional preceding sign, then the invalid operation exception should be signaled.

Conversion of external character sequences “nan” (regardless of case) with-an optional preceding sign, to a
supported floating-point format shall produce a quiet NaN.

Conversion of an external character sequence “snan” (regardless.of\case) with an optional preceding sign, to
a supported format should either produce a signaling NaN @r €lse produce a quiet NaN and signal the
invalid operation exception.

Language standards should provide an optional conversion of NaNs in a supported format to external
character sequences which appends to the basic NaN“character sequences a suffix that can represent the
NaN payload (see 6.2). The form and interpretation of the payload suffix is language-defined. The language
standard shall require that any such optional output sequences be accepted asinput in conversion of external
character sequences to supported formats.

5.12.2 External decimal character’'sequences representing finite numbers

An implementation shall provide~operations that convert from all supported floating-point formats to
external decimal character sequences (see 5.4.2). For finite numbers, these operations can be thought of as
parameterized by the source)format, the number of significant digitsin the result (if specified), and whether
the quantum is preserved)(for decimal formats). Note that specifying the number of significant digits and
specifying quantum( preservation are mutually incompatible. The means of specifying the number of
significant digits.and of specifying quantum preservation are language-defined and are typically embodied
in the conver sionShecification of 5.4.2.

An implementation shall also provide operations that convert external decimal character sequences to all
supported’ formats. These operations can be thought of as parameterized by the result format.

Within the limits stated in this clause, conversions in both directions shall preserve the value of a number
unless rounding is necessary and shall preserve its sign. If rounding is necessary, they shall use correct
rounding and shall correctly signd the inexact and other exceptions.

All conversions from external character sequences to supported decimal formats shall preserve the quantum
(see 5.4.2) unless rounding is necessary. At least one conversion from each supported decimal format shall
preserve the quantum as well as the value and sign.

If a conversion to an external character sequence requires an exponent but the exponent is not of sufficient
width to avoid overflow or underflow (see 7.4 and 7.5), the overflow or underflow should be indicated to
the user by appropriate language-defined character sequences.
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For the purposes of discussing the limits on correctly rounded conversion, define the following quantities:
— for binary16, Pmin(binary16) = 5
— for binary32, Pmin(binary32) = 9
— for binary64, Pmin(binary64) = 17
— for binary128, Pmin(binary128) = 36
— for al other binary formats bf, Pmin(bf) = 1+ceiling(p x10gi0(2)), where p is the number of

anifieant-hitoin ki
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— M =max(Pmin(bf)) for all supported binary formats bf

— for decimal 32, Pmin(decimal32) =7

— for decimal64, Pmin (decimal64) = 16

— for decimal 128, Pmin(decimal 128) = 34

— for dl other decimal formats df, Pmin(df ) is the number of significant digitsin df.

Conversions to and from supported decimal formats shall be correctly rounded regardless of how many
digits are requested or given.

There might be an implementation-defined limit on the number of significant digits'that can be converted
with correct rounding to and from supported binary formats. That limit, H, shall\be’such that H > M + 3 and
it should be that H is unbounded.

For all supported binary formats the conversion operations shall suppert correctly rounded conversions to
or from external character sequences for all significant digit countsS)from 1 through H (that is, for all
expressible counts if H is unbounded).

Conversions from supported binary formats to external character segquences for which more than H
significant digits are specified shall pad with trailing zeros.

Conversion from a character sequence of more than H significant digits or larger in exponent range than the
destination binary format first shall be correctly rounded to H digits according to the applicable rounding
direction and shall signal exceptions as though«harrowing from a wider format and then the resulting
character sequence of H digits shall be converted with correct rounding according to the applicable
rounding direction.

NOTE 1—Asa consequence of the foregoing, the following are true:

— Conversionsto or from decimmal formats are correctly rounded.

— For binary formats, all conversions of H significant digits or fewer round correctly according to the
applicable rounding\direction; conversions of greater than H significant digits might incur
additional roundiing of the order of 10" < 1073 unitsin the last place.

— Intervals are respected, in the sense that directed-rounding constraints are honored even when
more than H significant digits are given: the directed rounding error has the correct sign in al
cases, and-never exceeds 1 + 1/1000 unitsin the last place in magnitude.

— Conversions are monotonic; increasing the value of a supported floating-point number does not
decrease its value after conversion to an external character sequence, and increasing the value of
an external character sequence does not decrease its value after conversion to a supported floating-
point number.

— Conversions from a supported binary format bf to an external character sequence and back again
results in a copy of the original number so long as there are at least Pmln(bf) significant digits

od—and tha rarsdi sy
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nearest rounding-direction attributes.

— Conversions from a supported decimal format df to an external character sequence and back again
results in a canonical copy of the original number so long as the conversion to the external
character sequence is one that preserves the quantum.

— Conversions from a supported decimal format df to an external character sequence and back again
recovers the value (but not necessarily the quantum) of the original number so long as there are at
least Pmin(df ) significant digits specified.
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— All implementations exchange equivalent decimal sequences: two decimal character sequences are
equivaent if they represent the same value (and quantum, for decima formats); if two imple-
mentations support a given format they convert any floating-point representation in that format to
equivalent decimal character sequences when the same number of digits is specified and (for
binary formats) the specified number of digitsis no greater than H (for both implementations), or
(for decimal formats) when the quantum-preserving conversion is specified.

— Similarly, any two implementations convert equivalent decimal sequences to the same floating-
point number (with the same quantum. for decimal formats) when the number of significant digits

and the result format are supported on both implementations.

NOTE 2—H should be as large as practical, noting that “practical” might well include “unbounded”. ©On
many systems because any H at least as large as the number of digits required for the longest exact decimal
representation is effectively as good as unbounded. The length of the longest exact decimal representation is
less than twelve thousand digits for binary128.

5.12.3 External hexadecimal-significand character sequences representingd{inite numbers

Language standards should provide conversions between all supported binary\formats and external
hexadecimal-significand character sequences. External hexadecimal-significand \character sequences for
finite numbers shall be described by the following grammar, which defines a hexSequence:

sign [+-1]

digit [0123456789]

hexDigit [0123456789abcdefABCDEF]

hexExplndicator [Pp]

hexIndicator "0" [XX]

hexSignificand ( {hexDigit}* "." {hexDigit}+ |} {hexDigit}+ "." | {hexDigit}+ )

decExponent {hexExplIndicator} {sign}? {digit}+

hexSequence {sign}? {hexIndicator} {hexSignificand} {decExponent}
where each line is a name followed by a rule in which ‘[...]" selects one of the terminal characters listed
between the brackets, ‘{...}’ refers to an earlier named rule, ‘(... |...|...)" indicates a choice of one of three

aternatives, straight double quotes enclose aitetminal character, ‘? indicates that there shall be either no
instance or one instance of the preceding item;**** indicates that there shall be zero or more instances of the
preceding item, and ‘+’ indicates that there:shall be one or more instances of the preceding item.

The hexSgnificand isinterpreted as-athexadecimal constant in which each hexDigit represents avalue in the
range 0 through 15 with the letters* & through ‘f’ representing 10 through 15, regardless of case. Within the
hexSignificand, the first (Ieftmost) character is the most significant. If present, the period defines the start of
a hexadecimal fractional part;\if the period is to the right of al hexadecimal digits the hexSgnificand is an
integer. The decExponent.isinterpreted as an optionally-signed integer expressed in decimal following the
hexExpl ndicator, again‘with the most significant digit first.

The value of a hexSequence is the value of the hexSignificand multiplied by two raised to the power of the
value of the decExponent, negated if there is aleading ‘— sign. The hexindicator and the hexExplndicator
have no effect on the value.

When canverting to hexadecimal-significand character sequences in the absence of an explicit precision
specification, enough hexadecimal characters shall be used to represent the binary floating-point number
exactly. Conversions to hexadecimal-significand character sequences with an explicit precision
Specification, and conversions from hexadecimal-significand character sequences to supported binary
formats, are correctly rounded according to the applicable binary rounding-direction attribute, and signal all

exceptions appropriaiely.

NOTE—The external hexadecimal-significand character sequences described here follow those specified
for finite numbers in |SO/IEC 9899:1999(E) Programming languages—C (C99), in:

6.4.4.2 floating constants

7.19.6.1 fprintf (conversion specifiers‘a and ‘A’)

7.19.6.2 fscanf (conversion specifier ‘a’)

7.20.1.3 strtod.
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6. Infinity, NaNs, and sign bit

6.1 Infinity arithmetic

The behavior of infinity in floating-point arithmetic is derived from the limiting cases of real arithmetic with
operands of arbitrarily large magnitude, when such a limit exists. Infinities shall be interpreted in the affine
sensg, that is. —oo < {every finite number} < +oo.

Operations on infinite operands are usualy exact and therefore signal no exceptions, including, among
others,

— addition(eo, X), addition(x, ), subtraction(wo, X), or subtraction(x, ), for finite x
— multiplication(eo, X) or multiplication(x, «o) for finite or infinite x # 0

— division(w, X) or division(x, o) for finite x

— sguareRoot(+w)

— remainder(x, o) for finite normal x

— conversion of an infinity into the same infinity in another format.

The exceptions that do pertain to infinities are signaled only when

— ooisaninvalid operand (see 7.2)
— oo iscreated from finite operands by overflow (see 7.4) or division-by zero (see 7.3)
— remainder(subnormal, «) signals underflow.

6.2 Operations with NaNs

Two different kinds of NaN, signaling and quiet, shall“be supported in al floating-point operations.
Signaling NaNs afford representations for uninitialized¥ariables and arithmetic-like enhancements (such as
complex-affine infinities or extremely wide range) ‘that are not in the scope of this standard. Quiet NaNs
should, by means |eft to the implementer’s discretion, afford retrospective diagnostic information inherited
from invalid or unavailable data and results. To-facilitate propagation of diagnostic information contained
in NaNs, as much of that information as passible should be preserved in NaN results of operations.

Under default exception handling, any\leperation signaling an invalid operation exception and for which a
floating-point result is to be delivered:shall deliver aquiet NaN.

Signaling NaNs shall be reserved operands that, under default exception handling, signa the invalid
operation exception (see 7.2)-for every general-computational and signaling-computational operation except
for the conversions described in 5.12. For non-default treatment, see 8.

Every general-computational and quiet-computational operation involving one or more input NaNs, none of
them signaling, shall~signal no exception, except fusedMultiplyAdd might signal the invalid operation
exception (see@.2). For an operation with quiet NaN inputs, other than maximum and minimum operations,
if afloating<point result is to be delivered the result shall be a quiet NaN which should be one of the input
NaNs. If thettrailing significand field of a decimal input NaN is canonical then the bit pattern of that field
shall be ‘preserved if that NaN is chosen as the result NaN. Note that format conversions, including
conversions between supported formats and external representations as character sequences, might be
unable to deliver the same NaN. Quiet NaNs signal exceptions on some operations that do not deliver a
floating-point result; these operations, namely comparison and conversion to a format that has no NaNs, are
discussedin 56 58 and 72

6.2.1 NaN encodings in binary formats

This subclause further specifies the encodings of NaNs as bit strings when they are the results of operations.
When encoded, al NaNs have a sign bit and a pattern of bits necessary to identify the encoding as a NaN
and which determines its kind (sNaN vs. gNaN). The remaining bhits, which are in the trailing significand
field, encode the payload, which might be diagnostic information (see above).
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All binary NaN bit strings have all the bits of the biased exponent field E set to 1 (see 3.4). A quiet NaN bit
string should be encoded with the first bit (d.) of the trailing significand field T being 1. A signaling NaN

bit string should be encoded with the first bit of the trailing significand field being 0. If the first bit of the
trailing significand field is 0, some other bit of the trailing significand field must be non-zero to distinguish
the NaN from infinity. In the preferred encoding just described, a signaling NaN shall be quieted by setting
d, to 1, leaving the remaining bits of T unchanged.

For binary formats, the payload is encoded in the p—2 |east significant bits of the trailing significand field.

6.2.2 NaN encodings in decimal formats

A decimal signaling NaN shall be quieted by clearing Gs and leaving the values of the digits d through dy” 1
of thetrailing significand field unchanged (see 3.5).

Any computational operation that produces, propagates, or quiets a decimal format NaN shall set'the bits Gs
through Gu.+4 of G to 0, and shall generate only a canonical trailing significand field.

For decimal formats, the payload is the trailing significand field, as defined in 3.5.

6.2.3 NaN propagation

An operation that propagates a NaN operand to its result and has a single NaN\as an input should produce a
NaN with the payload of theinput NaN if representable in the destination fermat.

If two or more inputs are NaN, then the payload of the resulting NaN¢should be identical to the payload of
one of the input NaNs if representable in the destination format. This standard does not specify which of the
input NaNs will provide the payload.

Conversion of aquiet NaN from a narrower format to awiderformat in the same radix, and then back to the
same narrower format, should not change the quiet NaN payload in any way except to make it canonical.

Conversion of aquiet NaN to a floating-point format0f the same or a different radix that does not allow the
payload to be preserved, shall return a quiet NaN, that should provide some language-defined diagnostic
information.

There should be means to read and write payl oads from and to external character sequences (see 5.12.1).

6.3 The sign bit

When either an input or result is NaN, this standard does not interpret the sign of a NaN. Note, however,
that operations on bit sirings—copy, negate, abs, copySign—specify the sign bit of a NaN result,
sometimes based upon the-sign bit of a NaN operand. The logical predicate totalOrder is also affected by
the sign bit of a Nal\-operand. For all other operations, this standard does not specify the sign bit of a NaN
result, even when there is only one input NaN, or when the NaN is produced from an invalid operation.

When neither_the inputs nor result are NaN, the sign of a product or quotient is the exclusive OR of the
operands _signs, the sign of a sum, or of a difference x—y regarded as a sum x+(-y), differs from at most
one of theladdends signs; and the sign of the result of conversions, the quantize operation, the roundTo-
Integrd “operations, and the roundTol ntegral Exact (see 5.3.1) is the sign of the first or only operand. These
rules-shall apply even when operands or results are zero or infinite.

When the sum of two operands with opposite signs (or the difference of two operands with like signs) is
exactly zero, the sign of that sum (or difference) shall be +0 in al rounding-direction attributes except

roundTowardNegative; under that attribute, the sign of an exact zero sum (or difference) shall be —0.
However, X+ x = x— (—X) retains the same sign as x even when x is zero.

When (a xb) +c is exactly zero, the sign of fusedMultiplyAdd(a, b, c) shal be determined by the rules
above for a sum of operands. When the exact result of (axb)+c is non-zero yet the result of
fusedMultiplyAdd is zero because of rounding, the zero result takes the sign of the exact result.

Except that squareRoot(—0) shall be —0, every numeric squareRoot result shall have a positive sign.
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7. Default exception handling

7.1 Overview: exceptions and flags

This clause specifies five kinds of exceptions that shall be signaled when they arise; the signal invokes
default or aternate handling for the signaled exception. For each kind of exception the implementation shall
provide a corresponding status flag.

This clause also specifies default non-stop exception handling for exception signals, which is to deliver a
default result, continue execution, and raise the corresponding status flag (except in the case of exact
underflow, see 7.5). Clause 8 specifies alternate exception handling attributes for those signals; a language
standard might specify that some of those attributes be implemented and then define means for users’to
enable them. Default or alternate exception handling for one exception might also signal other exceptions
(see overflow and underflow, 7.4 and 7.5). Therefore, a status flag might be raised by default,(by-aternate
exception handling, or by explicit user action (see 5.7.4).

With default exception handling, a raised status flag usually indicates that the corresponding exception was
signaled and handled by default. Exceptions are handled without raising status flagsionly in the case of
exact underflow and status flags are raised without an exception being signaled only at the user’s request.
Status flags shall be lowered only at the user’s request. The user shall be able totest and to alter the status
flagsindividually or collectively, and shall further be able to save and restore-all, at one time (see 5.7.4).

A program that does not inherit status flags from another source, begins/execution with all status flags
lowered. Language standards should specify defaults in the absencelof any explicit user specification,
governing:

— Whether any particular flag exists (in the sense of being testable by non-programmatic means such
as debuggers) outside of scopes in which aprogramexplicitly sets or tests that flag.

— When flags have scope greater than withinian invoked function, whether and when an
asynchronous event, such as raising or lowerifag it in another thread or signal handler, affects the
flag tested within that invoked function.

— When flags have scope greater than within an invoked function, whether a flag's state can be
determined by non-programmatic means (such as a debugger) within that invoked function.

— Whether flags raised in invokedfunctions raise flags in invoking functions.

— Whether flagsraised in invokihg functions raise flags in invoked functions.

— Whether to allow, and if(Sojthe means, to specify that flags shall be persistent in the absence of any
explicit program statement otherwise:
— The flags standing at the beginning of execution of a particular function are inherited from an

outer envirenment, typically an invoking function.

— On return-from or termination of an invoked function, the flags standing in an invoking
functienrare the flags that were standing in the function at the time of return or termination.

An invocation-0f/any operation required by this standard signals at most one exception directly; additional
exceptions'might be signaled by default or by alternate exception handling for the first exception. Default
exceptionrhandling for overflow (see 7.4) signals the inexact exception. Default exception handling for
undexrflow (see 7.5) signals the inexact exception if the default result isinexact.

Arvinvocation of the restoreFlags or raiseFlags operation (see 5.7.4) might raise any combination of status
flags directly. An invocation of any other operation required by this standard, when all exceptions are

handled h\Jl default mighf ralse ot most hwao status fl%c overflow with inevact (cm 7 /l) or-underflow with
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inexact (see 7.5).

For the computational operations defined in this standard, exceptions are defined below to be signaled if
and only if certain conditions arise. That is not meant to imply whether those exceptions are signaled by
operations not specified by this standard such as complex arithmetic or certain transcendental functions.
Those and other operations, not specified by this standard, should signal those exceptions according to the
definitions below for standard operations, but that might not always be economical. Standard exceptions for
nonstandard functions are |language-defined.
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7.2 Invalid operation

The invalid operation exception is signaled if and only if there is no usefully definable result. In these cases
the operands are invalid for the operation to be performed.

For operations producing results in floating-point format, the default result of an operation that signals the
invalid operation exception shall be a quiet NaN that should provide some diagnostic information (see 6.2).
These operations are:

) any ganera-computationa or Signaing-computationa Operation onm a Sgnaing NaN—(See 6.2);
except for some conversions (see 5.12)

b) multiplication: multiplication(0, o) or multiplication(eo, 0)

¢) fusedMultiplyAdd: fusedMultiplyAdd(0, o, c) or fusedMultiplyAdd(e, O, c) unless c is @quiet
NaN; if cisaquiet NaN then it is implementation defined whether the invaid operation/exception
issignaled

d) addition or subtraction or fusedMultiplyAdd: magnitude subtraction of infinities, such as:
addition(+o0, —o0)

€) division: division(0, 0) or division(w, o)

f)  remainder: remainder(x, y), wheny is zero or x isinfinite and neither is NaN

g) sguareRoot if the operand islessthan zero

h) quantize when the result does not fit in the destination format or when one operand is finite and the
other isinfinite

For operations producing no result in floating-point format, the opérations that signal the invalid operation
exception are;

i) conversion of a floating-point number to an integet\format, when the source is NaN, infinity, or a
value that would convert to an integer outside therange of the result format under the applicable
rounding attribute

j) comparison by way of unordered-signaling-predicates listed in Table 5.2, when the operands are
unordered

k) logB(NaN), logB(x), or logB(0) whenfogBFormat is an integer format (see 5.3.3).

7.3 Division by zero

The divideByZero exception shall’be signaled if and only if an exact infinite result is defined for an
operation on finite operands, The default result of divideByZero shall be an o correctly signed according to
the operation:

— For division, when the divisor is zero and the dividend is a finite non-zero number, the sign of the
infinity istheexclusive OR of the operands’ signs (see 6.3).

— For logB(0) when logBFormat is a floating-point format, the sign of the infinity is minus (—).

7.4 Oyerflow

The:oeverflow exception shall be signaled if and only if the destination format’s largest finite number is
exeeeded in magnitude by what would have been the rounded floating-point result (see 4) were the exponent
range unbounded. The default result shall be determined by the rounding-direction attribute and the sign of

thc ;I ItCl LI} ICd;a‘LC I CDU:t [e=) fU: :UVVD.
a) roundTiesToEven and roundTiesToAway carry al overflowsto oo with the sign of the intermediate
result.

b) roundTowardZero carries al overflows to the format's largest finite number with the sign of the
intermediate result.

c) roundTowardNegative carries positive overflows to the format’s largest finite number, and carries
negative overflows to —o.
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d) roundTowardPositive carries negative overflows to the format’s most negative finite number, and
carries positive overflowsto +oo.

In addition, under default exception handling for overflow, the overflow flag shall be raised and the inexact
exception shall be signaled.

7.5 Underflow

The tnderTow exception shall be Signaled when a tiny Non-zero result 1S detected. For binery 1ormets, tis
shall be either:

a) after rounding—when a non-zero result computed as though the exponent range were unbounded
would lie strictly between £ b, or

b) before rounding—when a non-zero result computed as though both the exponent rangeand the
precision were unbounded would lie strictly between +bemn,

The implementer shall choose how tininess is detected, but shall detect tininess in the same way for all
operations in radix two, including conversion operations under a binary rounding attribute:

For decimal formats, tininess is detected before rounding—when a non-zero result computed as though
both the exponent range and the precision were unbounded would lie strictly betweén +bemn,

The default exception handling for underflow shall always deliver a founded result. The method for
detecting tininess does not affect the rounded result delivered, which mightbe zero, subnormal, or +b®m,

In addition, under default exception handling for underflow, if the rounded result is inexact—that is, it
differs from what would have been computed were both exponent range and precision unbounded—the
underflow flag shall be raised and the inexact (see 7.6) exception shall be signaled. If the rounded result is
exact, no flag is raised and no inexact exception is signaed: This is the only case in this standard of an
exception signal receiving default handling that does not'aise the corresponding flag. Such an underflow
signal has no observable effect under default handling:

7.6 Inexact

Unless stated otherwise, if the rounded result of an operation is inexact—that is, it differs from what would
have been computed were both exponent-range and precision unbounded—then the inexact exception shall
be signaled. The rounded or overflowed result shall be delivered to the destination.
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8. Alternate exception handling attributes

8.1 Overview

Language standards should define, and require implementations to provide, means for the user to associate
alternate exception handling attributes with blocks (see 4.1). Alternate exception handlers specify lists of
except|ons and act|ons to be taken for each listed exceptlon |f it |s sgnaled Language standards should

ByZero, overflow underflow or inexact. Language standards should also deﬂ ne exception Ilsts containing:
— allExceptions: al five exceptionslisted in Clause 7, or

— any subset of sub-exceptions— sub-cases of of the exceptions in Clause 7 (e.g., the sub-cases/of
the invalid operation exception in 7.2); the sub-exception names are language-defined.

Language standards should define al the alternate exception handling attributes of this clause.~Inparticular,
language standards should define at least one delayed alternate exception handling attribute for’ each of the
five exceptions listed in Clause 7. The syntax and scope for such specifications of attribute values are
language-defined.

8.2 Resuming alternate exception handling attributes

Associating a resuming alternate exception handling attribute with a block-means: handling the implied
exceptions according to the resuming attribute specified, and resuming execution of the associated block.
Implementations should support these resuming attributes:

— default (raiseflag)

Provide the default exception handling (see 7) in the associated block despite alternate exception
handling that might be in effect in wider scope.

— raiseNoFlag
Provide the default exception handling (see<?) ‘without raising the corresponding status flag.
— mayRaiseFlag

Provide the default exception handling-(see 7), except languages define whether aflag is raised.
Languages may defer to implementations for performance.

— recordException

Provide the default exception handling (see 7) and record the corresponding exception whenever
Clause 7 specifies raising’ a flag. Recording an exception means storing a description of the
exception, including ‘tanguage-standard-defined details which might include the current operation
and operands, and the location of the exception. Language standards define operations to convert
exception descriptions to and from character sequences, and to inspect, save, and restore exception
descriptions.

— substitute(x)
Specifiable for any exception: replace the default result of such an exceptional operation with a
variable or expression x. The timing and scope in which x is evaluated is language-defined.

—substituteXor(x)

Specifiable for any exception arising from multiplication or division operations: like substitute(x),
but replace the default result of such an exceptional operation with [x| and, if [x| is not a NaN,
obtaining the sign bit from the XOR of the signs of the operands.

— abruptUndertlow

When underflow is signaled because a tiny non-zero result is detected, replace the default result
with a zero of the same sign or a minimum normal rounded result of the same sign, raise the
underflow flag, and signal the inexact exception. When roundTiesToEven, roundTiesToAway, or
the roundTowardZero attribute is applicable, the rounded result magnitude shall be zero. When the
roundTowardPositive attribute is applicable, the rounded result magnitude shall be the minimum
normal magnitude for positive tiny results, and zero for negative tiny results. When the
roundTowardNegative attribute is applicable, the rounded result magnitude shall be the minimum
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normal magnitude for negative tiny results, and zero for positive tiny results. This attribute has no
effect on the interpretation of subnormal operands.

8.3 Immediate and delayed alternate exception handling attributes

Associating alternate exception handling with a block means: handling the indicated exception(s) according
to the attribute specified. If the indicated exception is signaled then, depending on the exception and the
exception handling attribute, the execution of the associated block might be abandoned immediately or

might continue with default handling. In the latter case the exception handling is delayed and takes place
when the associated block terminates normally. Delayed exception handling is fully deterministic, whilé
immediate exception handling licenses but does not require an implementation to trade determinism-for
performance, because intermediate results being computed within the associated block might ngot."be
deterministic.

Language standards should define, and require implementations to provide, these attributes:

— Immediate alternate exception handler block associated with a block: if the indicated exception is
signaled, abandon execution of the associated block as soon as possible and, éxecute the handler
block, then continue execution where execution would have continued aftersnormal termination of
the associated block, according to the semantics of the language.

— Delayed dternate exception handler block associated with a block: if‘the indicated exception is
signaled, handle it by default until the associated block terminates‘normally, then execute the
handler block, then continue execution where execution would have continued after normal
termination of the associated block, according to the semanticscof the language.

— Immediate transfer associated with a block: if the indicatéd exception is signaled, transfer control
as soon as possible; no returnis possible.

— Delayed transfer associated with a block: if the indicated exception issignaled, handle it by default
until the associated block terminates normally, thenyitransfer control; no return is possible.

Immediate alternate exception handling for underflow shall be invoked when underflow is signaled, whether
the default result would be exact or inexact. Delayed. alternate exception handling for underflow shall be
invoked only for underflow signals corresponding:to inexact default results for which the underflow flag
would be raised.

NOTE 1—Delayed alternate exception, thandling for an exception listed in Clause 7 (but not sub-
exceptions) can be implemented by testing status flags. However implemented, the status flag
corresponding to the indicated exception should be saved prior to the beginning of the associated block and
then lowered. At the end of the associated block, the current status flag should be saved, and the previously
saved status flag should be restored. The recently saved status flag should then be tested to determine
whether to execute the handlerblock or transfer control.

NOTE 2—Immediate aternate exception handling for an exception can be implemented by traps or, for
exceptions listed in Clause 7 other than underflow, by testing status flags after each operation or at the end
of the associated.block. Thus for exceptions listed in Clause 7 other than underflow, immediate exception
handling can_be)implemented with the same mechanism as delayed exception handling, if no better
implementation mechanism is available. No matter how implemented, if the indicated exception is not
signaledsin‘the associated block, then the corresponding status flag should not be changed. If the indicated
exception is signaled in the associated block, causing execution of the handler block or transfer of control,
then:the state of the corresponding status flag might not be deterministic.

NOTE 3—A transfer is a language-specific idiom for non-resumable control transfer. Language standards
might offer severa transfer idioms such as:

— break: Abandon the associated block and continue execution where execution would continue
after normal termination of the associated block, according to the semantics of the language.

— throw exceptionName: Causes an exceptionName not to be handled locally, but rather signaled to
the next handling in scope, perhaps the function that invoked the current subprogram, according to
the semantics of that language. The invoker might handle exceptionName by default or by alternate
handling such as signaling exceptionName to the next higher invoking subprograms.

— goto label: Jump; the label might be local or global according to the semantics of the language.
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9. Recommended operations

Clause 5 completely specifies the operations required for al supported arithmetic formats. This clause
specifies additional operations, recommended for al supported arithmetic formats. These operations are
written as named functions; in a specific programming environment they might be represented by operators
or by functions whose names might differ from those in this standard.

Q1 Confaormina lan a.and imnlamantation.dafinad fiinctianeg
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For one or more formats, language standards and implementations might define one or more floating-point
functions, not otherwise defined in this document, that conform to this standard by meeting al~the
requirements of this subclause. In particular, language standards should defing, to be implemented
according to this subclause, as many of the functions of 9.2 as are appropriate to the language, AS noted
below, the specifications for inexact exceptions and preferred quantum in previous clauses do hotapply to
the functions specified in this clause.

In this clause the domain of afunction is that subset of the affinely extended reals for which the function is
well defined.

A conforming function shall return results correctly rounded for the applicable’reunding direction for all
operandsin its domain. The preferred quantum is language-defined.

9.1.1 Exceptions

Except as noted here, functions signal all appropriate exceptions according to 7. All functions shall return a
quiet NaN as aresult if thereis aNaN among a function’s operands, except in the cases listed in 9.2.

— invalid operation: For al functions, signaling NaN operands shall signal the invalid operation
exception.
Attempts to evaluate a function outside its.domain shall return a quiet NaN and signal the invalid
operation exception.

— divideByZero: A function that has a sitriple pole for some finite floating-point operand shall signa
the divideByZero exception and return an infinity by default.

— inexact: Functions should signal-the inexact exception if the result is inexact. Functions should not
signal the inexact exception:if-the result is exact.
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9.2 Recommended correctly rounded functions

Language standards should define, to be implemented according to 9.1, as many of the operations in
Table 9.1 as is appropriate to the language. As with other operations of this standard, the names of the
operations in Table 9.1 do not necessarily correspond to the names that any particular programming
language would use.

All functions shall signal the invalid operation exception on signaling NaN operands, and should signal the

inexact exception on inexact results, as described in 9.1.1; other exceptions are shown in the table

Table 9.1—Recommended correctly rounded functions

Copyright © 2008 IEEE. All rights reserved.

Operation Function Domain Other exceptions
exp ex
expml e*-1
exp2 2%
exp2m1 1 [—o0, +o0] overflow; uiderflow
expl10 10
explomi 10*-1
log l0ge(X) TP .
x/= 0: divideByZero;
Iloogglzo |I(§)3120((XX)) [0, #oc] X < 0: invalid operation
logpl loge(1+X) x = —1: divideByZero;
log2pl logz(1+X) [—1, +o0] x < —1: invalid operation;
logl0p1 log10(1+X) underflow
overflow; underflow;
hypot(x, y) V(e+y?) [o0, o) [o0, +o0] seeals0 9.2.1
x < 0: invalid operation;
rSart Vsart(x) [0, +oc] x is£0: divideByZero
n _ x <—1:invalid operation;
compound(x, n) (1+x) [-1, +0] X Z seealsn9.2.1
n=0: invalid operation;
x <0and neven: invaid
rootn(x, n) Xih [0, +o0] x Z operation;
n =—1: overflow, underflow;
seeals09.2.1
pown(x, n) X" [—o0, +00] X Z see9.2.1
pow(X;y) XY [~o0, +00] X [~00, +00] see9.2.1
pPOwr (X, y) XY [0, +00] X [0, +o0] see9.2.1
. . - [X| = c0: invalid operation;
sin sin(x) (—o0, +0) underflow
cos cos(X) (—o0, +00) |X| = oo: invalid operation
- |X| = co: invalid operation;
tan tan(x) (—o0, +0) underflow
42
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Table 9.1—Recommended correctly rounded functions (continued)

Operation Function Domain Other exceptions
| oo o) i e
cosPi cos(m X X) (—o0, +0) L);le:alogé) 'g\éallld operation;
atanPi atan(x)/n [—oo, +o0] underflow
atan2Pi(y, x) see9.2.1 [—o0, +00] X [—00, +00] underflow
asin asin(x) [-1, +1] L)ﬂ d>er1f:|ci)\r,1\\//alid operation;
acos acos(x) [-1, +1] [x| > 1: invalitoperation
atan atan(x) [—oo, +o0] underflow
atan2(y, X) see9.2.1 [—o0, +00] X [—00, +00] underflow; seeaso 9.2.1
sinh sinh(x) [—oo, +o0] overflow; underflow
cosh cosh(x) [—oo, +o0] overflow
tanh tanh(x) [~o0, +o0] underflow
asinh asinh(x) [—o0, +o0] underflow
acosh acosh(x) [+1,%e0] x < 1: invalid operation
underflow;
atanh atanh(x) [—1, +1] |X| = 1: divideByZero;
[x| > 1: invalid operation

Interval notation is used for the domain: a\ialue adjacent to a bracket is included in the domain and a value
adjacent to a parenthesisis not. Z istheset of integers.

The notation A x B in the domairi denotes the set of ordered pairs of elements (a, b) where a is an element
of A and b isan element of B,

The functions sin, cos, tan; asin, acos, atan, and atan2 measure angles in radians. The functions sinPi, cosPi,
asinPi, acosPi, atanPi, and atan2Pi measure anglesin half-revolutions.

For symmetric functions, f (—x) is f (x) for al rounding attributes for their entire domain and range. For
antisymmetric functions, f (—x) is —f (x) for roundTiesToEven, roundTiesToAway, and roundTowardZero
for their entire.demain and range. hypot(x, y) is even in both operands. atan2(y, x) and atan2Pi(y, x) are
odd in theirfirst operand.

9,25t-Special values

For the functions expml, exp2ml, expl0ml, logpl, log2pl, logl0pl, sin, tan, sinPi, atanPi, asin, atan, sinh,
tanh, asinh, and atanh, f (+0) is +0 and f (=0) is —0 with no exception

For the functions exp, exp2, and expl0, f (+) is +oo and f (—o) is +0 with no exception. For the functions
expml, exp2ml, and explOm1, f (+o0) is+oo and f (—o0) is—1 with no exception.

For the functions log, log2, 10g10, logpl, log2pl, and logl0pl, f (+w) is +oo with no exception. For the
functionslog, log2, and 10g10, f (+0) is —o and signals the divideByZero exception, and f (1) is+0. For the
functionslogpl, log2pl, and log10pl, f (—1) is—oo and signals the divideByZero exception.

For the hypot function, hypot(x0, £0) is +0, hypot(xew, gNaN) is +eo, and hypot(gNaN, ©) is +o.
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rSqrt(+oo) is +0 with no exception. rSqrt(+0) is +co and signals the divideByZero exception.

For the compound, rootn, and pown functions, # is a finite integral value in logBFormat. When logBFormat
is a floating-point format, the behavior of these functions is language-defined when the second operand is
non-integral or infinite.

For the compound function:
compound (x, 0) is 1 for x> —1, +oo, or quiet NaN
compound (—1, ) is +oo and signals the divideByZero exception for integral n<0

compound (—1, n) is +0 for integral n>0.

For the rootn function:
rootn (0, n) is oo and signals the divideByZero exception for odd integral n<0
rootn (0, n) is +oo and signals the divideByZero exception for even integral n<0
rootn (0, n) is +0 for even integral n>0
rootn (0, #) is +0 for odd integral n>0.

For the pown function (integral exponents only):
pown(x, 0) is 1 for any x (even a zero, quiet NaN, or infinity)
pown (%0, n) is +00 and signals the divideByZero exception for odd integral n<0
pown (0, ) is +oo and signals the divideByZero exception for even integraln <0
pown (%0, n) is +0 for even integral n>0
pown (0, ) is 0 for odd integral n>0.

For the pow function (integral exponents get special treatment):
pow (x, +0) is 1 for any x (even a zero, quiet NaN, or infinity)
pow (£0, y) is =00 and signals the divideByZero exception fory@n odd integer <0
pow (£0, —o0) is +oo with no exception
pow (£0, +o0) is +0 with no exception
pow (£0, y) is +oo and signals the divideByZero exception for finite y<0 and not an odd integer
pow (£0, y) is =0 for finite y>0 an odd integer
pow (£0, y) is +0 for finite y>0 and not an odd iateger
pow (—1, +0) is 1 with no exception
pow(+1, ) is 1 for any y (even a quiet NaNj
pow (x, y) signals the invalid operation exception for finite x<0 and finite non-integer y.

For the powr function (derived by considering only exp(y % log(x))):
powr (x, +0) is 1 for finite x>0
powr (0, y) is +oo and signals.the divideByZero exception for finite y<0
powr (£0, —0) is +o0
powr (%0, y) is +0 for >0
powr (+1, y) is 1 forfinite y
powr (x, ) signals the invalid operation exception for x<0
powr (£0, £0)-signals the invalid operation exception
powr (+oo, £=0).signals the invalid operation exception
powr (+1;+e0) signals the invalid operation exception
powr (¥,-gNaN) is qNaN for x>0
powr(gqNaN, y) is qNaN.

sinPRi(+n) is +0 and sinPi(—n) is —0 for positive integers n. This implies, under appropriate rounding modes,
that sinPi(—x) and —sinPi(x) are the same number (or both NaN) for all x. cosPi(n + /%) is +0 for any integer
7 'when n + % is representable. This implies that cosPi(—x) and cosPi(x) are the same (or both NaN) for all

X.
atanPi(+o0) is £1/2 with no exception.

atan2Pi(y, x) is the angle subtended at the origin by the point (x, y) and the positive x-axis. The range of
atan2Piis [—1, +1].

For y with positive sign bit, the general cases of atan2Pi(y, x) for finite non-zero numeric x are correctly
rounded from the following exact expressions:
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atan2Pi(y, x) for finite x>0 is atan(|y/x|)/z, which can signal the inexact or underflow exceptions
atan2Pi(y, x) for finite x<0 is 1— atan(|y/x|)/m, which can signal the inexact exception.

For y with positive sign bit, the special cases of atan2Pi(y, x) involving 0 and o« are exact constants that
signal no exception:

atan2Pi(x0, —0) is £1

atan2Pi(x0, +0) is =0

atan2Pi(+0, x) is =1 for x<0

atanIdDL0) N oo L0 For o)
atai=t+ T 5=0-+61¢

atan2Pi(y, +0) is —%% for y<0
atan2Pi(y, +£0) is +% for y>0
atan2Pi(+y, —) is £1 for finite y>0
atan2Pi(xy, +o0) is £0 for finite y>0
atan2Pi(+o0, x) is £% for finite x
atan2Pi(o0, —o0) is %4

atan2Pi(do0, +00) is £V,

atan(+0) is £11/2 rounded and signals the inexact exception.

atan2(y, x) is the angle subtended at the origin by the point (x, y) and the positivex-axis; that angle is also
the argument or phase or imaginary part of the logarithm of the complex number x+iy. The unrounded
range of atan2 is [, +m].

For y with positive sign bit, the general cases of atan2(y, x) for finite\nen-zero numeric x are correctly
rounded from the following exact expressions:

atan2(y, x) for finite x>0 is atan(|y/x|), which can signal the inéxact or underflow exceptions

atan2(y, x) for finite x<0 is w — atan(| y/x|), which can signakthe'inexact exception.

For y with positive sign bit, the special cases of atan2(y,¥) involving 0 and o are constants which can
signal the inexact exception but no other exception:

atan2(£0, —0) is £

atan2(£0, +0) is £0

atan2(£0, x) is £x for x<0

atan2(£0, x) is £0 for x>0

atan2(y, +0) is —n/2 for y<0

atan2(y, +0) is +n/2 for y>0

atan2(xy, —o) is £x for finite y>0Q

atan2(+y, +o0) is =0 for finite >0

atan2(+o0, x) is =n/2 for finitex

atan2(£o0, —o0) is +37/4

atan2 (&0, +o0) is £m/4.

For some formats under;some rounding attributes the rounded magnitude range of atan (atan2) may exceed
the unrounded magnitude of n/2 (m). In those cases, an anomalous manifold jump may occur under the
inverse functiop-for-which the careful programmer should account.

acos(1) is #0vand acosh(1) is +0.

sinh(xm)\and asinh(+wo) are oo with no exception. cosh(+w) and acosh(+w) are +oo with no exception.
tanh(%0) is =1 with no exception. atanh(#1) is +co and signals the divideByZero exception.

Non-standard formats with very large precision relative to exponent range might signal additional
exceptions not listed in Table 9.1. For instance, cosPi and log might signal underflow or overflow and tan

Mgt SIgnal Overtiow.
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